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PREFACE 



This book embodies a course given by the writer for a number of 
years in the Mathematical Laboratory of the Massachusetts Institute 
of Technology. It is designed as an aid in the solution of a large num- 
ber of problems which the engineer, as well as the student of engineering, 
meets in his work. 

In the opening chapter, the construction of scales naturally leads to 
a discussion of the principles upon which the construction of various 
slide rules is' based. The second chapter develops the principles of a 
network of scales, showing their application to the use of various kinds 
of coordinate paper and to the charting of equations in three variables. 

Engineers have recognized for a long time the value of graphical 
charts in lessening the labor of computation. Among the charts devised 
none are so rapidly constructed nor so easily read as the charts of the 
alignment or nomographic type — a type which has been most fully 
developed by Professor M. d*Ocagne of Paris. Chapters III, IV, and V 
aim to give a systematic development of the construction of alignment 
charts; the methods are fully illustrated by charts for a large number 
of well-known engineering formulas. It is the writer's hope that the 
simple mathematical treatment employed in these chapters will serve to 
make the engineering profession more widely acquainted with this time 
and labor saving device. 

Many formulas in the engineering sciences are empirical, and the 
value of many scientific and technical investigations is enhanced by the 
discovery of the laws connecting the results. Chapter VI is concerned 
with the fitting of equations to empirical data. Chapter VII considers 
the case where the data are periodic, as in alternating currents and volt- 
ages, sound waves, etc., and gives numerical, graphical, and mechanical 
methods for determining the constants in the equation. 

When empirical formulas cannot be fitted to the experimental data, 
these data may still be efficiently handled for purposes of further 
computation, — interpolation, differentiation, and integration, — by the 
numerical, graphical, and mechanical methods developed in the last 
two chapters. 

Numerous illustrative examples are worked throughout the text, 
and a large number of exercises for the student is given at the end of 
each chapter. The additional charts at the back of the book will serve 

• • • 
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iv PREFACE 

as an aid in the construction of alignment charts. Bibliographical 
references will be found in the footnotes. 

The writer wishes to express his indebtedness for valuable data to 
the members of the engineering departments of the Massachusetts 
Institute of Technology, and fo various mathematical and engineering 
publications. He owes the idea of a Mathematical Laboratory to 
Professor E. T. Whittaker of the University of Edinburgh. He is 
especially indebted to Capt. H. M. Brayton, U. S. A., a former student, 
for his valuable suggestions and for his untiring efforts in designing a 
large number of the alignment charts. Above all he is most grateful to 
his wife for her assistance in the revision of the manuscript and the 
reading of the proof, and for her constant encouragement which has 
greatly lightened the labor of writing the book. 

JOSEPH LIPKA. 
Cambridge, Mass., 
'Oct. 13, 1918. 
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CHAPTER VI. 

EMPIRICAL FORMULAS — NON-PERIODIC CURVES. 

68. E^qterimental data. — In scientific or technical investigations we 
are often concerned with the observation or measurement of two quanti- 
ties, such as the distance and the time for a freely falling body, the volume 
of carbon dioxide dissolving in water and the temperature of the water, 
the load and the elongation of a certain wire, the voltage and the current 
of a mf^etite arc, etc. The results of a series of measurements of the 
same two quantities under similar conditions are usually presented in the 
form of a table. Thus the following table gives the results of observa- 
tions on the pressure p of saturated steam in pounds per sq. in. and the 
volume V in cu. ft. per pound: 

p = 10 20 30 40 50 60 

B= 37-80 1972 13.48 10.29 8.34 6.62 
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Fig. 68. 

We represent these results graphically by plotting on coordinate paper 
the points whose coordinates are the corresponding values of the measured 
quantities and by drawing a smooth curve through or very near these 
points. Fig. 68 gives a graphical representation of the above table, 
where the values of p are laid off as abscissas and the values of v as ordi- 
nates and a smooth curve is drawn so as to pass through or very near the 
plotted points. /. ■ 
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The fact that a smooth curve can be drawn so as to pass very near the 
plotted points leads us to suspect that some relation may exist between 
the measured quantities, which may be represented mathematically by 
the equation of the curve. Since the original measurements, the plotting 
of the points, and the drawing of the curve all involve approximations, 
the equation will represent the true relation between the quantities only 
approximately. Such aa equation or formula is known as an empirical 
formula, to distinguish it from the equation or formula which expresses 
a physical, chemical, or biological law. A large number of the formulas 
in the engineering sciences are empirical formulas. Such empirical for- 
mulas may then be used for the purpose of interpolation, i.e., for comput- 
ing the value of one of the quantities when the value of the other is given 
within the range of values used in determining the formula. 

It is at once evident that any number of curves can be drawn so as to 
pass very near the plotted points, and therefore that any number of 
equations might approximate the data equally well. The nature of the 
experiment may give us a hint as to the form of the equation which will 
best represent the data. Otherwise the problem is more indeterminate. 
If the points appear to lie on or near a straight line, we may assume an 
equation of the first degree, y = a + bx, in the variables. But if the 
points deviate systematically from a straight line, the choice of an equa- 
tion is more difficult. Often the form of the curve will suggest the type 
of equation, parabolic, exponential, trigonometric, etc., but in all cases, 
we should choose an equation of as simple a form as possible. Before 
proceeding any further with this choice we may test the correctness of 
the form of the equation by ''rectifying" the curve, i.e., by writing the 
assumed equation in the form 

(i) f(y) =a + bF(x) or (2) y' = a + bx\ 

where y' = f(y) and x' = F(x), and plotting the points with x' and y 
as coordinates; if the points of this plot appear to lie on or very near a 
straight line, then this line can be represented by equation (2) and hence 
■* the original curve by equation (i). We shall use the method of rectifica- 
tion quite freely in the work which follows. 

Having chosen a simple form for the approximate equation we now 
proceed to determine the approximate values of the constants or co- 
efficients appearing in the equation. The method of approximation 
employed in determining these constants depends upon the desired degree 
of accuracy. We may employ one of three methods: the method of 
selected points, the method of averages, pr the method of Least Squares. Of 
these, the first is the simplest and the approximation is close enough 
for a large number of problems arising in technical work; the second re- 
quires a little more computation but usually gives closer approximations; 
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while the third gives the best approximate values of the constants but the 
work of determining these values is quite laborious. All three methods 
will be illustrated in some of the problems which follow. 

After the constants have been determined the formula should be 
tested by performing several additional experiments where the variables 
lie within the range of the previous data, and comparing these results 
with those given by the empirical formula. 

We shall now work two illustrative examples to indicate the general 
method of procedure. 



(I) THE STRAIGHT LINE. 

69. The straight line, y = hx. — The following table gives the results 
of a series of experiments on the determination of the elongation R in 
inches of annealed high carbon steel wire of diameter 0.0693 i^^* ^^d gage 
length 30 in. due to the load W in pounds. 
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The plot, — The data are plotted on a sheet of coordinate paper about 
10 inches square and ruled in twentieths of an inch or in millimeters. If 
we wish to express the elongation as a function of the load, we plot the 
load on the horizontal axis or as abscissas, if the load as a function of the 
elongation we plot the latter as abscissas. In Fig. 69 we have plotted 
the values of TV as abscissas and the values of £ as ordinates. The scales 
with which these values are plotted are generally chosen so that the 
length of the axis represents the total range of the corresponding vari- 
able, and so that the line or curve is about equally inclined to the two 
axes. There is no advantage in choosing the scale units on the two axes 
equal. Care should be taken not to choose the units either too small or 
too large; for in the former case the precision of the data will not be 
utilized, arid in the latter case the deviations from a representative line 
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or curve are likely to be magnified. The drawing of a good plot is evi- 
dently a matter of judgment. It is best to mark the plotted points as 
the intersection of two short straight lines, one horizontal and one 
vertical. 
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Fig. 69. 



The representative curve and its equation. — We now draw a smootti 
curve passing very near to the points of the plot, so that the deviations 
of the points from the curve are very small, some positive and some 
negative. In Fig. 69, the points seem to fall approximately on a straight 
line. This should be tested by moving a stretched thread or by sliding 
a sheet of celluloid with a fine line scratched on its under side among the 
points and noting that the points do not deviate systematically from this 
thread or line. Having decided that a straight line will approximate 
the plot, we assume that an equation of the first degree, £ = a + bW, will 
approximately represent the relation between the measured quantities. 
In this example we may evidently assume that E = bW since a zero load 
gives a zero elongation. 
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The determination of the constant. — We shall now determine the con- 
stant b in the equation E = bW, This may be done in several ways. The 
three methods which are generally employed are as follows: 

I. Method of selected points. — Place the sheet of celluloid on the 
coordinate paper so that the scratched line passes through the point 
W = o, JB = o, and then rotate the sheet until a good average position 
among the plotted points is obtained, i,e., until the largest possible num- 
ber of points lie either on the line or alternately on opposite sides of the 
line, in such a manner that the points below the line deviate from it by 

. approximately the same amount as the points above it. Then note the 
values of W and E corresponding to one other point on thi^ line, prefer- 
ably near the farther end of the line. Thus we read W = 250, E = 
0.0650. Substituting these values in the equation E = bW, we have 
0.0650 = 250 6, and hence b = 0.000260, and finally E = 0.000260 W. 
Since the choice of the ''best" line is a matter of judgment, its position, 
and hence the value of the constant, will vary with different workers and 
often vith the same worker at different times. 

II. Method of averages, — The vertical distances of the plotted points 
from the representative line are called the residuals; these are the differ- 
ences between the observed values of E and the values of E calculated 
from the formula, or E — £c, where Ee = bW; some of these residuals 
are positive and others are negative. If we assume that the ''best*' line 
is that which makes the algebraic sum of the residuals equal to zero, we 
have 

2 (E - 6W0 = o or 2E - 62PF = o, 

hence b = ^t??> = — — - = 0.006261, 

SPF 1235 

and we may call this an average value of b. By this method it is no 
longer necessary to shift the line among the points so as to get an average 
position. 

III. Method of Least Sqtcares. — In the theory of Least Squares * it is 
shown that the best line or the best value of the constant is that which 
makes the sum of the squares of the differences of the observed and cal- 
culated values a minimum, i.e., 

• 2 (E - bW)^ = minimum. 

Hence the derivative of this expression with respect to b must equal zero, 
or 

~ 2 (£ - bW)^ = o, or 2 W(E - 6W0 = o, 
or ^WE - 62T^ = o, and b = ^^. 

* See Bartlett's "The Method of Least Squares," or any other book on this theory. 
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We form two columns, one giving the values of EW and the other the 
values of PP, and adding these columns, we find 

h — 67.007/255,725 = 0.000262. 

We may now compare the results obtained by each of the three 
methods. For this purpose we complete the table by computing the 
values of £ from the formulas 

I. £ = 0.000260 W\ II. E = 0.000261 W\ III. E = 0.000262 W. 

These are marked Ec^, E^^ £c™, in the table. To discover how closely 
the computed values agree with the observed values we form the residuals 



A^ ="£ - Ec\ A^ = E-E, 



n 



Ani = £ - £, 



in 



Disregarding the signs of these residuals, we add them and divide by 
their number, 8, and find the average residual to be 0.00048, 0.00045, 
0.00043, respectively. We also find the sum of the squares of the resid- 
uals to be 356, 270, 254, respectively. We may therefore draw the fol- 
lowing conclusions: all three methods give good results; the method of 
Least Squares gives the best value of the constant but requires the most 
calculation; the method of averages gives, in general, ]the next best value 
of the constant and requires but little calculation; the graphical method 
of selected points requires the least calculation but depends upon the 
accuracy of the plot and the fitting of the representative line. 

70. The straight line, y = a + bx. — For measuring the temperature 
coefficient of a copper rod of diameter 0.3667 in. and length 30.55 in., the 
following measurements were made. Here, C is the temperature Centi- 
grade and r is the resistance of the rod in microhms. 
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1,945.00 

2,400.48 

2,908.80 

3,294.00 

3^783.89 
4.255.00 
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85.24 
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81.13 
82.28 

83.76 
85.16 


+O.II 
— O.II 
+0.36 
-0.31 

-ho..p8 
+0.15 
-0.08 


+O.II 
—0.12 

+0.34 
-0.34 

+0.04 

+0.10 

—0.14 


+0.04 

— 0.16 
+0.32 

-0.33 
+0.07 

+0.14 

— 0.06 


s 245.5 


566.00 


9325.83 


20,044.50 








1.20 


1. 19 


1. 12 


2 -f- 7 = 0.171 
SA*= 2852 


0.170 
2869 


0.160 
2646 



The plot (Fig. 70) appears to approximate a straight line, so that we 
shall assume the relation r = a + bC. We shall determine the con- 
stants, a and 6, by the three methods. 

I. Method of selected points. — Use a sheet of celluloid to determine 
the approximate position of the best straight line, and note two points 
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on this line; thus, C = 20, r = 76.45, and C = 48, r = 84.60. 
tuting these values in the equation r = a + bC, we get 

76.45 = a + 20 b and 84.60 = a + 48 6, 

from which we determine 

a = 70.63 and . b = 0.291, 

so that our relation becomes 

r = 70.63 + 0.291 C. 
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Fig. 70. 

II. Method of averages, — Since we have to determine two constan 
we divide the data into two equal or nearly equal groups, and place t 
sum of the residuals in each group equal to zero, i.e., 

S (r - a - 60 = o or 2r = wa + 6SC, 

where n is the number of observations in the group. Thus, dividing t 
above data into two groups, the first containing four and the second thi 
sete of data, and adding, we get 

314.65 = 4 « + 1 10.2 b and 251.35 = 3 a + 135.1 6, 
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from which we determine 

a = 70.59 and b = 0.293, 

so that our relation becomes 

r = 70.59 + 0.293 C. 

III. Method of Least Squares, — The best values of the constants are 
those for which the sum of the squares of the residuals is a minimum, i.e., 
^ {r ^ a — bC)^ = minimum; hence the partial derivatives of this 
expression with respect to a and b must be zero; thus, 

^ 2 (r - a - 60' = o, ^S (r - a - 6C)' = o, 
da 00 

or ll[2{r-a-bC) (-1)] = 0, 2 [2 (r - a - 60 {-€)] = o, 

or 2r = a« + 62C, 

2rC = a2C + 62C2, 

where n is the number of observations. We solve these last two equations 
for a and 6. (Note that these equations may be formed as follows: 
substitute the observed values of r and C in the assumed relation r = a 
+ bC\ add the n equations thus formed to get the first of the above 
equations; multiply each of the n equations by the corresponding value 
of C and add the resulting n equations to get the second of the above 
equations.) 

We now compute the values of rC, (7, 2C, 2rC, and 2(7, and substi- 
tute these in the equations for determining a and b. We thus get 

566.00 = 7 a + 245.3 6, 
20,044.50 -= 245.3 a + 9325-83 *. 

from which we determine 

a = 70.76 and b = 0.288, 

so that our relation becomes 

r = 70.76 + 0.288 C. 

Comparison of results, — We note that the various results agree very 
well with the original data and with each other. We compute the resid- 
uals and find that the average residual is smallest by the third method 
and is approximately the same by the first two methods. The computa- 
tion necessary in applying the method of Least Squares is very tedious. 
The method of selected points requires the fitting of the best straight line, 
and this becomes quite difficult when the number of plotted points is 
large. We shall therefore use the method of averages in most of the 
illustrative examples which follow. 
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(H) FORMULAS INVOLVING TWO CONSTANTS. 

71. Simple parabolic and hyperbolic curves, y = a^. — As stated in 
Art. 68. when the plotted points deviate systematically from a straight 
line, a smooth curve is drawn so as tq pass very near the points ; the shape 
of the curve or a knowledge of the nature of the experiment may give us 
a hint as to the form of the equation which will best represent the data. 

Simple curves which approximate a large number of empirical data 
are the parabolic and hyperbolic curves. The equation of such a curve 
is y = (w*, parabolic for b positive and hyperbolic for b negative. In 
Fig. 71a, we have drawn some of these curves for a = 2 and 6 = —2, 
— I, -0.5, 0.25, 0.5, 1.5,2. Note that the parabolic curves all pass 



mm 

s 1^ V 



Fig. 71a. ' 

through the points (o, 0) and (i, a) and that as one of the variables 
increases the other increases also. The hyperbolic curves all pass through 
the point (i, a) and have the coordinate axes as asymptotes, and as one 
of the variables increases the other decreases. 

There is a very simple method of verifying whether a set of data can 
be approximated by an equation of the form y = axf". Taking loga- 
rithms of both members of this equation, we get log y = \oga + b tog x, 
and if x' = log x, y" = log y, this becomes / = log o + bx', an equation 
of the first degree in x' and / ; therefore the plot of (*', y') or of (log x, 
log y) must approximate a straight line. Hence, 
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Jf a set of data can be approximately represented by an equation of the 
form y = aufi, then the plot of {log x, log y) approximates a straight Une. 

Instead of plotting {log x, log y) on ordinary codrdinate paper, we 
may plot (x, y) directly on logarithmic coordinate paper (see Art, 13). 
We determine the constants a and b from the equation of the straight 
line by one of the methods described in Art. 70. , 

Example. The following table gives the number of grams S of anhy- 
drous ammonium chloride which dissolved in 100 grams of water makes 
a saturated solution of 0°' absolute temperature. 
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The points (By S) are plotted in Fig. 716. The curve appears to be 
parabolic, i.e., of the general form illustrated in Fig. 71a. We therefore 
plot (log By log S) and note that this approximates a straight line, so that 
we may assume 

S = aff" or log 5 = log a + 6 log B. 

We shall first determine the constants by the method of selected 
points. We note two points on the line whose coordinates are 

log^ = 2.445, log 5 = 1.50 and log^ = 2.555, ^ogS = 1.84, 

hence we have 

1.50 = log a + 2.445 6, 
1.84 = log a + 2.555 6. 

.". b = 3.09, log a = —6.0550 = 3.9450 — 10, a = 0.000,000,881. 
/. log S = —6.0550 + 3.09 log ^, or 5 = 0.000,000,881 ^•^. 

We shall now determine the constants by the method of averages. 
We divided the data into two groups of four sets, and adding, we have 

6.1078 = 4 log a + 9.8143 by ^^ 

7.1079 = 4 loga + 10.13746. 

.'. b = 3.09, loga = —6.0546 = 3.9454 — 10, a = 0.000000882. 
.". log S = —6.0546 + 3.09 log B ox S — 0.000000882 ^^. 

We complete the table by computing 5, the residuals, and the average 
residual. The agreement between the observed and computed values of 
5 is quite close. 

Example. The following table gives the pressure p in pounds per 
sq. in. of saturated steam corresponding to the volume v in cu. ft. per 
pound. (From Perry's Elementary Practical Mathematics.) 
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I .4599 
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60.40 


0.8446 


I. 7810 
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0.6314 


2.0082 


102. 1 


—0.2 


2.748 
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0.4390 


2.2130 
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-0.4 


1.853 


250.3 


0.2679 


2.3984 


249.2 


+ I.I 



The points (», p) are plotted in Fig. 71c. The curve appears to be 
hyperbolic on comparison with Fig. 71a. Hence we plot (logv, log/>) 
and note that this approximates a straight line, so that we may assume 

p = at;*, or log p — log a + 6 log v. 
We shall use the method of averages to determine the constants a and 6. 
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Dividing the data into two groups, the first four and the last three sets, 
and adding, we have 

5.2445 = 4loga + 5;i435 6, 
6.6196 = 3 log a + 1 .3383 b. 
.'. b ^ —1.0662, loga = 2.6822, a = 481.1. 
.•- \ogp = 2.6822 — 1.0662 log V, or pv^"'^ = 481.1, 
We now compute p and A and note the close agreement between the 
observed and calculated values. 
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Fig. 7IC, 

72. Simple e^waential curves, y = ae*". — Other simple curves that 
approximate a large number of experimental results are the exponential 
or logarithmic curves. The equation of such a curve may be written in 
the form y = a^, where e is'the base of natural logarithms; the form 
y = ab' is sometimes used. In Fig. 72a, we have drawn some of these 
curves for a = I and b =—2, — i, —0.5, 0.5, I. 2. Note that these 
curves all pass through the point (o, a) and have the x-axis for asymptote. 
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There is a very simple method of verifying whether a set of data can 
be approximated by an equation of the form y = at^'. Taking It^arithms 
of both members of this equa- 
tion we get log y = log a + 
(b log e) X, and if y'- = log y, 
this equation becomes y' = 
log a -\- (b log e) x, an equation 
of the first degree in x and y'; 
therefore the plot of (*. y') or 
of {x, log y) must approximate 
a straight line. Hence, 

If a set of data can be ap- 
proximately represented by an 
equation of the form y = a^', 
then the plot of {x, log y) ap- 
proximates a straight line. 

Instead of plotting{x, logy) 
on ordinary coordinate paper, 
we may plot {x, y) directly 
Q.3 1.0 on semilogarithmic coordinate 
paper (see Art. 14). The con- 
stants a and b are determined 
from the equation of the 
straight line by one of the methods described in Art. 70. 

Example. Chemical experiments by Harcourt and Esson gave the 
results of the following table, where A is the amount of a substance re- 
maining in a reacting system after an interval of time /. 
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The points (/, A) are plotted in Fig. 72*. This curve appears to be 
exponential, so that we plot ((, logi4) and (It^i, 4); it is seen that the 
plot of ((, tog A') approximates a straight line. We"may therefore assume 
an equation of the form 

A = o«" or log j4 = log a -I- (ft log e) t. 
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We shall use the method of averages to determine the constants. Divid- 
ing the data into 2 groups and adding, we get 

9.5424 = 5 log a + 40 (6 log e), 
8.2344 = 5 log (^ + 154 (* log e). 
.■. 61ogc = —0.0115, logo = 2.0005. 
.*. h = —0.0265, ^ = lOp.l, since log e = 0.4343. 

/. log .4 - 2,0005 ~ 0.0115 (, or A = 100. 1 e-«<i*«'. 

We now compute the values of A and the residuals, and note the close 
agreement between the observed and the calculated values of A , 
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Example. The following table gives the results of measurii^ the 
electrical conductivity C of glass at temperature d° Fahrenheit. 
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In Fig. 72c, the poftits (d, C) and (B, log C) are plotted; the latter 
Jot approximates a straight line. We may therefore assume the equa- 



lon 



C = ae*^, or log C = log a + (6 log e) 6. 



Ve use the method of averages to determine the constants. Omitting 

he first set and dividing the remaining data into two groups of three 

ets, we get 

24.3198 - 30 = 3 log a + 400 (b log e), 

26.5251 - 30 = 3 log a + 600 (b log e). 

/. bloge = o.oiio, log a = 6.6399 ~ lo* 
.'. b = 0.0253, a = 0.000436. 

/. log C = 6.6399 — 10 + O.OIIO d, or C = 0.00436 eOOM»^ 

We now compute the values of C and the residuals and note the re- 
narkably close agreement between the observed and computed values 
if C. 

73. Parabolic or hyperbolic curve, y = o + bx^ (where n is known). — 
n using this equation, it is assumed that from theoretical considerations 
ire suspect the value of «. It is evident that 

If a set of data can be approximately represented by an equation of the 
orm y = a + 6jc'*, where n is known^ then the plot of (x**, y) approximates 
'. straight line. 

Example. A small condensing triple expansion steam engine tested 
mder seven steady loads, each lasting three hours, gave the following 
esults; / is the indicated horse-power, w is the number of pounds of 
team used per hour per indicated horse-power. (From Perry's Ele- 
nentary Practical Mathematics.) 
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^A-5- 7 = 0.11 

Fig* 73^ gives the plot of (/, w). This is not a straight line. But if 
<re plot (/, w/), i.e., the total weight of steam used per hour instead of 
he weight per indicated horse-power, we find that this plot approximates 
L straight line. Hence, we may assume the linear relation w/ = a + il. 
This relation may also be written w = 6 -|- a/ 1, so that the plot of (i/J, w) 
ilso approximates a straight line. We use the method of averages to 
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determine the constants. Dividing the data into two groups, the first 
three and last four sets, and adding, we have 
' 1210.9 = 30 + 94.6 b, 

821.7 = 4« + 57-8ft. 
.-. 6 = 11.6, a = 37.8. 

/. wl = 37.8 + II.6 /, or w = 11.6 + 5^' 

We now compute the values of w and the residuals. 
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Example. For a parachute or flat plate falling in air we have the 
following observations; v is the velocity in ft. per sec. and p b the pressure 
in pounds per sq. in. 



. 


P 


t' 


*, 


^ 


7.87 


O.J 


61.94 


0.187 


-O.OI3 










+0.001 


16.40 


0.8 


368.96 


o.Sis 


-o.ois 


13.60 


1.6 


S.0.76 


I.S48 


+o.osa 


3».8o 


3. a 


1075.84 


3.260 





Akt. 74 



HYPERBOLIC CURVE, j - - 



137 



In Fig. 736, we have plotted {v, p). It is surmised that for low veloci- 
ties, the pressure and the square of the velocity are linearly related, i.e., 
p = a -\- bv^. We verify this by plottii^ (t*, p) and noting that this 
approximates a straight line. We use the method of averages to deter- 
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FIG. 736. 



mine the constants. Dividing the data into two groups, the first three 
and the last two sets, fuid adding, we have 

1.4 = 3a + 463-156. 
4.8 = 2 a + 1586.60 h. 

:. h = 0.00303 and a = — o.ooiii. 
.'. p = — o.ooiir + 0.00303 u*. 

We may with good approximation take o = o, so that p = 0.00303 c*, i.e., 
the pressure varies directly as the square of the velocity. 

74. Hyperbolic curve* y = , , or - = a + bx. — This equation 

represents the ordinary hyperbola with asymptotes x = —a/b and y = 
i/b, as illustrated in Fig. 740 for values of a = 0.2, 6 = 0.2; a = o.l, 
b = 0.2; a •= —0.1, 5, =0.2; a = —0.2, b = 0.2. Quite a large number 
of experimental results may be represented by an equation of this type. 



138" EMPIRICAL FORMULAS — NON-PERIODIC CURVES Chap. VI 

The equation may also be written in the forms - = ft + - , so that the 
■ plots (x, -J and (-, -) approximate straight lines, Hence, 

If a set of data can be approximately represented by an equation of the 

form y = — r- r". '"' ~ 
' ■' a + bx y 

mates a straight line. 



bx then the plot of (x, -j or of (- , -1 approxi- 
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Fig, 740. y = 



i + bx 



Example. From a magnetization or normal induction curve for 
iron we find the following data; H is the number of Gilberts per cm., a 
measure of the field intensity, and B is the number of kilolines per sq, cm., 
a measure of the flux density. 



B 


B 


H/B 1 8, 


i 


30 
3.1 


3S 
7.S 


0-714 
0.600 
0.413 


7-97 
8.78 
8.91 




3.8 

9-5 
IJ.3 
17-S 
31. s 

g:o 

9S.O 


12.5 

13-S 

16. s 

17.0 

'7-5 


0.560 

IS 

1.17 
1.97 
2.73 
3.76 
5. 43 


9.8 

14.0 

16.7 
17.0 
17.3 


+0.3 

+0.1 

+0.3 



In Fig. 746, (ff, B) is plotted. The curve appears to be of the type 
illustrated in Fig. 74a. Furthermore, an important quantity in liie 
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theory of magnetization is the reluctance, H/B, and if we plot {H, H/B), 
we note that this plot approximates a straight line for values ol H > 3.1. 
(We may similarly introduce the permeability, B/H, and note that the 
plot of {B/H, B) approjumates a straight line.) Hence, we assume a 

relation of the form -= = a + bH. Using the method of averages, 
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Fig, 746. 
omitting the first three values of H, and dividing the remaining data 
into two groups containing five and four sets respectively, we get the 
equations 

3.621 = 5a + 49.1 b, 

13.88 = 4.1 + 235.56. 

.■. b = 0.0560, a = 0.174. 

.*. ■= = 0.174 + 0.0560 H 01 B = i — ■ — T — ==• 

B 't ' a 0.174 + 0.0560 ff 

- We now compute B and the readuals and note the close agreement 
between the observed and computed values. 

^ \ 
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(in) FORMULAS INVOLVING THREE CONSTANTS. 

75. The parabolic or hyperbolic curve, y = aa:* + c. — It is often im- 
possible to fit a simple equation involving only two constants to a set of 
data. In such cases we may modify our simple equations by the addition 
of a term involving a third constant. Thus the equation y = ax^ may be 
modified into y = flx* + c. If 6 is positive, the latter equation repre- 
sents a parabolic curve with 
intercept c on OF; if 6 is 
negative, the equation rep- 
resents a hyperbolic curve 
with asymptote y = c. In 
Fig- TS"!. we have sketched the 
curves y = 2 xf>-\ y = 2 x!>-^ + 2, 
y = 2 x-°'', y = 2 x-°-^ + 2 to 
illustrate the relation of the 
simple types to the modified 
types. 

In Art. 71 it was shown 
that if we suspect a relation 
of the form y = ox*, we can 
To verify this by observing 
whether the plot of (log x, 
log y) approximates a straight 
line. Now the form y = axf" 
log a + 6 log X, so that the plot of 
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Fig. 75«- 



+ c may be written log (y — c) = 

(log X, log (y — c)) would approximate a straight line. To make this 
test we shall evidently first have to determine a value of c. We might 
attempt to read the value of c from the original plot of {x, y). In the 
parabolic case we should have to read the intercept of the curve on OY, 
but this may necessitate the extension of the curve beyond the points 
plotted from the given data, a procedure which is not safe in most cases. 
■ In the hyperbolic case, we should have to estimate the position of the 
asymptote, but this is generally a difficult matter. 

The following procedure will lead to the determination of an approxi- 
mate value of c for the equation y = ax^ + c. Choose two points {xi, y{) 
and (x2, yi) oh the curve sketched to represent the data. Choose a third 
point (xj, ys) on this curve such that Xi = vici^, and measure the value 
of yj. Then, since the three points are on the curve, their coordinates 
must satisfy the equation of the curve, so that 



- aii» + c 



= ax^ + c, y, = ax^ + c. 
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Now, since Xz = V^^, 



= v. 



therefore 



Xz' 



Xi^ocJ* 



or 



3^3 



and therefore 



and axz^ = ^/axi^ 
c = V(yi - c) {y2 - c), 



axt 



yi + y2 - 2yz 



It is evident that the determination of c is partly graphical, for it 
depends upon the reading of the coordinates of three points on the curve 
sketched to represent the data. The curve should be drawn as a smooth 
line lying evenly among the points, i.e., so that the largest number of the 
plotted points lie on the curve or are distributed alternately on opposite 
sides and very near it. 

Having determined a value for c, we plot (log x, log {y — c)). If this 
plot approximates a straight line, the constants a and b in the equation 
log (y — c) = log a + b log X may then be determined in the ordinary 
way. 

Example. In a magnetite arc, at constant arc length,] the voltage V 
consumed by the arc is observed for values of the current i, (From 
Steinmetz, Engineering Mathematics.) 
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V 


V - 30.4 


log (7 -30.4) 


log« 


V, 


A 


o.S 


160 


129.6 


2. 1 1 26 


9.6990 — 10 


158.8 


+ 1.2 


I 


120 


89.6 


1.9523 


0.0000 — 10 


120.8 


-0.8 


2 


94 


63.6 


1.8035 


0.3010 — 10 


94.0 





4 


75 


44.6 


1.6493 


0.6021 — 10 


75-1 


—O.I 


8 


62 


31.6 


1.4997 


0.9031 — 10 


61.9 


+0.1 


12 


56 


25.6 


I .4082 


1 .0792 — 10 


56.0 






We plot (i, V) and note that the curve appears hyperbolic with an 
asymptote F = c, and hence we assume an equation of the form V= aH" + c. 
To verify this we must first determine a value for c. Choose two points 
on the experimental curve; in Fig. 756, we read ii = 0.5, Vi = 160 and 
ii = 12, V2 = 56. Choose a third point such that iz = Vi^ = V6 = 
2.45, and measure Vz = 88. Then 



F1F2 -- Vz' ^ (160) (56) -- (88)^ ^ 1216 ^ 



Fi + F2 - 2 Fs 160 + 56-2 (88) 



40 



30.4. 



Now compute the values of F — 30.4 and log ( F — 30.4) and plot 
(logt, log (F— 30.4)). This last plot approximates a straight line so 
that the choice of the equation V = ai^ + c is verified. 
To determine the constants in the equation 

log (F - 30.4) = log a + 6 log t, 
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we use the method of averages, dividing; the data into two groups of three 
sets each, and find 

5.8684 = 3 log a. 
4-5572 = 3 log (I + 2.5844 b. 
.: b = —0.507, logo = 1.9561, a = 90.4. 
.-. log (V - 30.4) = I.9561 - 0.507 log*, or F = 30.4 + 90.4t"^" 
Finally, we compute the values of V and the residuals. 
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Fig. 756. 

76. The exponential curve, y = oe*?" + c. — The simple exponential 
equation y = a^' may have to be modified into y = oe*' + c in order to 
fit a given set of data. In the latter curve, the asymptote is y = c. 
In Fig. 760, we have sketched the curves y = 2 ^■'',y = 3^'*+ i. 
y = 2 e-"i', y = 2 e-*-" + I. 

In Art. 72 it was shown that if we suspect a relation of Hie fomi 
y = ae^, we can verify this by observing whether the plot of («, Ipg y) 
approximates a straight Hne. Now y = ai" + c may be written 
log (y — c) = log a + (6 log e) x, so that the plot of (*, log (y — c)). 
would approximate a straight line. Evidently we shall first have to 
determine a value for c. We proceed to do this in a manner similar to 
that employed in Art. 75. .Choose two points («!, yO and (kj, yii 01 
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the curve sketched to represent the data, and then a third point (xi, yt) on 
this curve such that x» = ^ (xi + Xi) and measure the value of yi. Since 
the three points are on the curve.. 

yi = oc*^ + c, yt = a^t + c, yt = oe*^ + c, 



or. k^ - 



- = {b\oge)xu log^ 



- = {bloge)xt, It^-^ 



= iblose)x». 
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Fig. ;6a. y = a^ + c 



Now, unce 
therefore 



(6 log e)x^ = \ {{b log e) *. + (6 log e) x^]. 



and ,„,»^' = l[,„,^' + ,„,2i^].,„,vMHJl 
Hence y, - c = V^-i - c) (yi - c), and c = ^^ ~ ^"^ 



yi + yi - 2 y, 



If the data are given so that the values of x are equidistant, i.e., so 
that they form an arithmetic progression, we may verify the choice of 
the equation y = aS" + c and determine the constants a, b, and c in the 
followii^ manner. Let the constant difference in the values of * equal h. 
If we replace x by x + A, we get y' = ae't^'') + c, and therefore, for the 
difference in the values of y, 

^y = y' — y = a^'-^'-) — oe*' = a^ (e** — l), 
and log Ay = log a (e** — i) + (ftloge) x. 
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This last equation is of the first degree in x and log Ay so that the plot of 
{x, log Ay) is a straight line. To apply this to our data, we form a 
column of successive differences, Ay, of the values of y, and a column of 
the logarithms of these differences, log Ay, and plot (x, log Ay) ; if the 
equation y = ae*' + c approximates the data, then this last plot will 
approximate a straight line. We may then determine h log e and 
log a (e^ — i) and hence a and h in the ordinary way, and finally find an 
average value of c from 2y = a2e** + wc, where n is the number of data. 
Example. In studying the skin effect in a No. oooo solid copper 
conductor of diameter I.168 cm., Kennelly, Laws, and Pierce found the 
following experimental results; F is the frequency in cycles per second, 
L is the total abhenrys observed. 



F 


L 


L- 51,860 


log (L — 51,860) 


U 


A 


60 


S3»9i2 


2052 


33122 


53.952 


. -40 


306 


53.767 


1907 


3 • 2804 


53.668 


+99 


888 


53.143 


1283 


3 . 1082 


53.140 


+ 3 


1600 


52,669 


. 809 


2.9079 


52,699 


-30 


2040 


52,499 


639 


2.8055 


52,506 


- 7 


306s 


52,215 


355 


2.5502 


52,212 


+ 3 


3950 


52,082 


222 


2.3464 


52,068 


+14 


5000 


51.965 


105 


2.0212 


51.972 


- 7 



In Fig. 766, the points (F, L) are plotted; the curve appears to be 
exponential with an asymptote L = c. We shall try to fit the equation 
L = a^^ + c. First determine an approximate value for c by choosing 
two points on the experimental curve, Fi = 875, L\ = 53,140, and F^ = 
5000, L2 = 51,980, and a third point F%^\ (Fi + F2) = 2938, L^ = 

7 7 7 2 

52,250. Then c = j — ^ ^ = 51,860. Now compute (L — 51,860) 

and log (L — 51,860), and plot (F, log (L — 51,860)); this plot approxi- 
mates a straight line, thus verifying the choice of equation. We deter- 
mine the constants in the equation log (L — 51,860) = log a + {b log e) F 
by the method of averages. Dividing the data into two groups of four 
sets each and adding, we have 

12.6087 = 4 log a + 2854 b log By 
97233 = 4 log a + 14,055 b log e. 



• • 



and 



or 



bloge == —0.0002576, log a = 3.3360, 
b = —0.0005931, a = 2168. 
log (L - 51,860) = 3-3360 - 0.0002576 F, 

L = 51,860 + 2168 ^.OOOMSl^, 
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We now compute L and the residuals, and note the close agreement 
between the observed and computed values except for the first two values 
of F. If we omit these two values in computing a and b, these constants 
have slightly different values, but the ^reement between the observed 
and computed values of L is about the same. 
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Fig. 766. 



77. The parabola, y = a-\-bx -\- cn^. — The equation of the straight 
line y = a + bx may be modlhed by the addition of a term of the second 
degree to the form y = a ■\-bx-\- a?. This is the equation of the ordi- 
nary parabola. We may verify whether this equation fits a set of experi- 
mental data by one of the following methods. 
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(i) Choose any point {xk, Jk) on the experimental curve; then 
y* = a + bxk + cxj?, and 

y - yu^ h{x - xic) + c{x^ - xi?), oi- ^""^* = (i + cxk) + ex. 
This last equation is of the first degree in x and - — =^ so that the plot of 

X — Xk 

will approximate a straight line. 



('• ¥^) -' 



(2) If the values of x are equidistant, i.e., if they form an arithmetic 
progression, with common difference A, then, if we replace :x; by :x; + A in 
the equation, we get y' =^ a -\- b {x -\- h) -\- c {x -\- hy and i^y = y' — y 
= {bh + ch^) + 2 cA:x;. This last equation is of the first degree in x and 
Ay, so that the plot of {x^ Ay) will approximate a straight line. 

Hence, if a set of data may be approximately represented by the equation 



y = a •{' bx + cx^ 



, then (i) the plot of ix, __ j, where {xk, yk) are the 

coordinates of any point on the experimental curve, will approximate a 
straight line, or (2) the plot of {x. Ay), where the Ay's are the differences in 
y formed for equidistant valties of x, will approximate a straight line. 

The following examples will illustrate the method of determining the 
constants. 

Example, In the following table, B is the melting point in degrees 
Centigrade of an alloy of lead and zinc containing x per cent of lead. 
(From Saxelby's Practical Mathematics.) 











tf — 181 
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«-36.9 


e - 181 


ac-36.9 


ec 
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87. S 


292 


SO. 6 


III 


• 

2.20 


29s 


-3 


84.0 


283 


47.1 


102 


2.17 


285 


— 2 


77.8 


270 


40.9 


89 


2.18 


268 


+2 


63.7 


23s 


26.8 


54 


2.01 


234 


+1 


46.7 


197 


9.8 


16 


1.63 


199 


— 2 


36.9 


181 










182 


— I 



In Fig. 77a, we have plotted {x, d). We shall try to fit an equation 
of the form 6 = a + bx + cx^to the data. To verify this choice, observe 
that the curve passes through the point Xk = 36.9, Ok = 181, and plot the 

(0 jQ J \ 
X, — — — ^1 ; this last plot approximates a straight line. (In 

plotting the ordinates for the straight line a scale unit ten times as large 
as that used for the ordinates of the experimental curve has been used; 
any further increase in the scale unit would simply magnify the devia- 
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tioDS.) We may now assume the relation 



a + fti + RS* 
0- l8l 



-36.9 



- b'x, and use 



the method of averages to determine the constants. Dividing the data 
into two groups of three and two sets respectively and adding, we get 

6.55 = 3 a' + 249.3 f>', 
3.64 = 2 a' + 1 10.4 b'. 
.: b' = 0.0130, a' = 1. 10. 
. fl - 181 



= 1.IO + 0.0130X, or fl = 141.4 + 0.620* + 0.0130**. 



x-36.9 
We now compute 9 and the residuals. 
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Fig. 77a. 



Eiaimple. The following table gives the results of the i 
ments of train resistances; V is the velocity in miles per hour, R is the 
resistfuice in pounds per ton. (From Armstrong's Electric Traction.) 
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V 


R 


A/2 


7« 


Re 


A 


20 

40 
60 
80 

100 
120 


1 

5.5 

9.1 

14.9 

22.8 

46.0 


3.6 
5.8 

7-9 
10. 5 
12.7 


400 

1,600 

3.600 

6,400 

10,000 

14,400 


5.70 

9.08 

14.82 

22.86 

33.22 

45.90 


—0.20 
+0.02 
+0.08 
—0.06 
+0.08 

-j-o.io 


Z 420 


131-6 




36,400 




• 



In Fig. 77&, the plot of (F, R) appears to be a parabola, R = a -^ bV 
+ cF^. Since the values of V are equidistant, we shall verify our choice 
of equation by a plot of ( F, LR) ; this last plot approximates a straight 
line. We may therefore assume LR = {bh + ch^) + 2chV, where h = 20. 
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Fig. 776. 

We determine the constants in this last equation by the method of 
averages, using the five sets of values of V and ^R. Dividing these data 
into two groups of three and two sets respectively and adding, we get 

17-3 = 3{bh + cV) + 120 (2 cA), 
23.2 = 2 {bh -\- cW) + 180 (2 ch). 

.•. 2 ch = 0.117, bh + ch^ = 1.08. 

c = 0.0029, b = —0.004. 
/. R = a — 0.004 V + 0.0029 V^. 
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We determine a by substituting the six sets of values of V and R, and 
summing, thus 

Si? = 6 a - 0.004 S 7 + 0.0029 S 72, 
or 131.6 = 6 a — 0.004 (420) + 0.0029 (36,400), 

and therefore a = 4.62. 

Hence, finally, R = 4.62 — 0.004 ^ + 0.0029 T^. 

We now compute the values of R and the residuals; the agreement 
between the observed and calculated values of R is very close. 



78. The hyperbola, y = 
tion of the equation, y = 



X 



+ c. — This equation is a modifica- 



, , discussed in Art. 74. In- the latter 

a + ox 

equation, x = o gives 3^ = 0, while in the former, x = o gives y = c. We 

X 



may verify whether the equation y = 



+ c fits a set of experi- 



a + bx 
mental data as follows. Choose any point (x*,, yk) on the experimental 



curve; then yk = 



Xk 



y - yk = 



a + bxk 
a(x — Xk) 



+ c, and 



/ X u \ f I z. "T» or = (a + ftocjfc) + - (a + bXk) x. 



This last equation is of the first degree in x and — — — -, so that the plot 

(X — Xi\ 
Xf — -^ — J will approximate a straight line. 

Hence, if a set of data may be approximately represented by the equation 



y = 



X 



+ c 



(X Xk\ 
X, 1 , where (xk, yk) are the cobrdiriates 
y - ykl 

of a point on the experimental curve, will approximate a straight line. 

Example, The following table gives the results of experiments on 
the friction between a straw-fiber driver and an iron driven wheel under 
a pressure of 400 pounds; y is the coefficient of friction and x is the slip, 
per cent. (From Goss, Trans. Am. Soc. Mech. Eng., for 1907, p. 1099.) 
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In Fig. 78 we have plotted the points (ac, y) ; the experimental curve 
appears to be an hyperbola with an equation of the form y — , + c. 

To verify this we note the point x = 0.65, y = 0.129 on the curve, and 

plot the points ix, —— — — ^). This last plot approximates a straight 

line. We may therefore assume the relation '—^ = a + 6jc, and 

y — 0.129 
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Fig. 78. 
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we shall determine the constants by the method of averages. As the 
first three points do not lie very near this straight line, we shall use only 
the last five sets of data, and dividing these into two groups of three and 
two sets respectively and adding, we get 

8.87 = 3 a + 3.89 &, 

12.91 = 2a + 5.12 b. 

/. b = 2.77, a = —0.64. 



X — 0.65 



= —0.64 + 2.77 X or y = 



X — 0.65 



+ 0.129. 



y — o 129 ■ " " 2.77 X — 0.64 

If we had used all eight points in determining the constants, we should 
have obtained 

9.12 = 4a + 3-58 ft, 
19.86 = 4 a + 8.08 b. 

/. b = 2.39, a = 0.14. 

X — 0.65 , , X — 0.65 , 

:. -} ^ = 0.14 + 2.39 X or y = i — h 0.120. 

y — 0.129 t I o:f J 2.39 X + 0.14 ^ 
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We have computed both y and y' and note that the agreement with 
the observed values is probably as close as could be expected. 

79. The logarithmic or exponential curve, log y = a + 6ji; + c:r* 
or y = ae** "*■"**. — These equations are modifications of the logarithmic 
form log y = a + bx and the exponential form y = aef"'. The equation 
y = ae**+''^ may be written log y = loga + (b log e) x + (c log e) y?, and 
so is equivalent to the form \o%y = a -\rbx ■\- cx^. This last equation 
is similar in form to the equation y = a + bx -{- cx^ discussed in Art. 77, 
and the equation may be verified and the constants determined in a 
similar way. 

Hence, if a set of data may be approximately represented by the equation 

logy = a + bx + cx\ then (i) the -'-' -^ ^- logy-hgyn' 



plot of ix, 



')• 



where 
X ^ Xk 

{^k, yk) are the coordinates of a point on the experimental curve, will approxi- 
mate a straight line, or (2) the plot of {x, A log y), where the A log y are the 
differences in log y formed for equidistant values of x, will approximate a 
straight line, 

Eocample. The following table gives the results of Winkelmann*s 
experiments on the rate of cooling of a body in air; B is the excess of tem- 
perature of the body over the temperature of its surroundings, / seconds 
from the beginning of the experiment. 
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2 .02926 


—0.04618 


—0.000424 


107.15 
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In Fig. 79 we have plotted the points (/, B). According to Newton's 
law of cooling, B = a&^ or log ^ = a + 6/, and so we have also plotted the 
points (t, log S) ; this last plot has a slight curvature. We shall therefore 
assume the law in the form log B = a •\-bt -\- ci^. To verify this, we 
note the point & = o, ^a; = 118.97 on the experimental curve, and plot 

the points (/, — -^ —)\ this plot approximates a straight 

line, so that we may assume — j^ — = b -\- ct. We use the 

method of averages to determine the constants. Dividing the data into 
two groups of three sets each and adding, we get 

—0.001723 = 3 ft + 79.6 c, 
—0.001396 = 36 + 250.7 c. 
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-■. c - O.OOOOOI9II, 
log g— log 118.97 _ 



-0.000625. 
- = —0.000625 + O.OOOOOI911 / 
or log* = 2.07544 — 0.000625 t + O.OOOOO1911 (*. 

We now compute $ and the residuals and note the close agreement 
between the observed and calculated values. 
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(IV) EQUATIONS INVOLVING FOUR OR MORE CONSTANTS. 

80. The additional terms ce^ and cx^. — It is sometimes found that 
a simple equation will represent a part of our data very well and another 
part not at all, i.e., the residuals yo — y^ are very small for one part of 
our data and quite large for another part. Geometrically, this is 
equivalent to saying that the plot of the simple equation coincides 
■approximately only with a part of the experimental curve. In such 
cases a modification of the simple equation by the addition of one or 
more terms will often cause the curves to fit approximately throughout 
Such terms usually have the form ce^ or cd', and added to our simple 
equations give the forms 

y = a + bx + ce^, y = a + bx + c**, 

y = oe** + ce*', . y = oa* + cx^, 



y = 



a+i 



•+ce^, 



-bx 



+ C3^, etc. 



We shall give a few examples to illustrate some of these cases. 



THE EQUATION y^a + bx + c^ 
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8i. The equation y = a + bx + ce". — If a part of the experimental 
curve, approximates a straight line, we may fit an equation of the form 
y = a + bx to this part of the curve. The deviation of this straight 
line from the remainder of 
the experimental curve (Fig. 
8ia) will be measured by the 
residuals ^ = > — ye = y — 
{o + bx). We now plot (x, r) 
and study the nature of this 
plot. We may be able to 
represent this plot by means 
of the simple exponential r 
«'', where the values of the 
constants c and d are such 
that the value of r is negli- 
gible for that part of the plot 
to which the straight line has 
been fitted; The entire ex- 
perimental curve can thus be 
represented by cc^ = y — (a 
+ ir) or y — o + 6* + ce^'- 

The equation y = a + bx + c^ may fit an experimental curve 
although no part of the curve is approximately a straight line; this 
means that the values of the term ce^ are not negligible for any values 
o( X. If the values of x are equidistant, we may verify that this equa- 
tion is the correct one to assume by the following method. Let the 
constant difference in the values of x be A, If we replace a; by x + A, 
*egel 

y = o + 6(x + A)-|-ce^<'+*), 

^nd, therefore, for the difference in the values of y, 

^y = y' — y = bh + cef'' (c** — l). 
If 4y and Ay' are two successive values of Ay, then 

Ay' = bk + ce^i'^") {ef^ - i), 
and the difference in the values of Ay is 

A«y = Ay' - Ay = ce^ (e^* - i)». 

log A'y = log c (e** — i )' + (d log e) x.' 



Hence, 



The last equation is of the first degree in x and 1(% A^ so that the plot 
of {x, lc^A*y) will approximate a straight line. From this straight 
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line we may determine the constants lo£c(e^ — l}' and dXoge and 
therefore c and d in the usual way. We now write the equation in the 
form y — c^ = a -^ hx, and 
from the straight line plot of 
(a:, y — ce^), we determine the 
constants a and b- 

In Fig. Sib we have plotted 
the equations 

y = 0.5 + X, 
y = 0.$ + X — 0.01 «*, 
y = 0.5 + X — o.ooi «•, 
y = 0.5 + x + 0.01 c, 
y = 0.5 + a; + 0.001 e*. 

Example. The following 
data are the results of experi- 
ments made with a gasometer 
by means of which the amoimt 
of air which passes into a re- 
ceiving tank can be measured; 
X is the vacuiun in the tank in 
inches of mercury, y is the 
number of cu. ft, of air per 
3 4 s S 7 8 minute passing into the tank. 
'"'' (Experiments made by W. D. 

= a + bx + ce^ Canan at the Mass. Inst, of 

Fig. 816. Tech.) 
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In Fig. Sic we note that the plot of (x, y) approximates a straight 
line for values of a: > 14, and we shall fit an equation of the form 



THE EQUATION y=-a + bx + ctl^ 
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y' = a -^-'bx to this part of the data. Using the method of averages 
and dividing the data into two groups of four and three sets, wfe have 

7.27 = 40 + 766, 

6.08 = 3 a + 78 i, 
.*. b = 0.03, a = 1.25 
and y = 1.25 + 0.03*;. 
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Fig. Sic. 

Now compute the values of y' and the residuals r = y' — y (by 
taking r =*y' — y instead of r = y — y', the residuals are positive and 
easier to handle in the subsequent calculations). Plot {x, r) for values 
of a: < 14 and study the nature of this plot; this seems to be a simple, 
exponential, r = ce''; verify this by plotting {x, log r) and note that 
this plot approximates a straight line. Using the method of averages 
determine the constants in the equation log r = log c + (d log e) x; thus 
8.7604 — 10 = 2 lege + iSdlogc, 
7.7404 — 10 = 2log(; + 26dloge. 
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/. dloge = 9.8725 — 10 = —0.1275, logc = 0.5277. 

.-. d = - 0.294, c = 3.37. 

.*. log r = 0.5277 — '0.1275 X, and r = 3.37 ^-0294* 

The final equation is 

y == 1.25 + 0.03 X — 3.37 e-o-2M«^ 

Now compute 3^ and the residuals, and note the close agreement be- 
tween the observed and calculated values. 

82. The equation y — oc** + c^*. — A part of the experimental 
curve may be represented by a simple exponential y = ae**, i.e., a part 
of the plot of (x, log y) approximates a straight line. We then study 
the deviations, r = 3^0 — J'c = y — d^', of this exponential curve from 
the rest of the experimental curve. The plot of (x, r) may be repre- 
sentable by another exponential, r = ce^', where the values of r are 
negligible for that part of the experimental curve to which y = aef** has 
been fitted. The entire curve can then be represented by the equa- 
tion y = ae** + ce*^. 

The equation y = a^ + ce^' may fit an experimental curve although 
no part of the curve can be approximated by the simple exponential 
y = a^. If the values of x are equidistant, we may verify that this 
equation is the correct one to assume by the following method. Let 
the constant difference in the values of x be A. Consider three succes- 
sive values jc, X + A, X + 2 A and their corresponding values y, y\ y". 
We evidently have 

y = a^* + ce^"^, 

Now eliminate e^ and e^' from these three equations by multiplying 
the first equation by e^^'^^, the second by — (e** + 6***), and adding the 
results to the third equation. We get 

or ^ = (^* + 6^*) ^ - g(«^* 

J' y 

This is an equation of the first degree in y'/y and y''/y so that the plot 
of (y^y, y''/y) will approximate a straight line. From this straight line 
determine the constants e** + 6*** and e^^'^^y and hence b and d as usual. 
We now write the original equation ye~^^ = ae^^*~^' + c. This is a linear 
equation in e^>~^* and ye""*** so that the plot of (g(^-^*, ye-^) would 
approximate a straight line. From this straight line determine the 
values of the constants a and c. 



Akt. 82 THE EQUATION y = o«" +«*" Ii 

In Fig. 82a, we have plotted the equations y = «"', y = e-' -{■ 0.5 «"* 

y = c~* — 0.5 e-^', y = e-' + e"*', y = g-^ — c^'. 
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J^l 



Fig. 82a. 

Exam^. The following are the measurements made on a curve 
recorded by an oscillograph representing a change of current i due to a 
change in the conditions of an electric circuit (. (From Steinmetz, 
Engineering Mathematics.) 
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In Fig. 82b we note that the right-hand part of the plot of (/, t) appears 
to be ej^wnential. We verify the choice of i' = ae^' by plotting (f, log i) 
and notii^ that this plot approximates a straight line for values of 
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( > 0.8. We therefore assume log i' = loga + {b log e) t, and using the 
method of averages for the values of / > 0.8, we have 

9.8511 — 10 = 3 logo + 4.8 J lege, 

8.8335 - 10 = 2logo + 5.561oge. 



0.4644, log a = 0.6934, 
logi' = 0.6934 - 0.4644I, or i' = 4.94r->-"', 



J log 6 = 9.5356 - 10 = 
& = - 1.07, a = 4.94, 
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Now find the values of i' and the residuals t = i' -~i; these residuals 
are practically negligible for values ol t> 0.8. We plot {t, r) and try 
to fit an equation to this curve. This again appears to be exporxor 
tial and we verify this by plotting (f , log r) ; the plot approximates k 
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Straight line, except for / = 0.8. We therefore assume r = ce^* or log r = 
log c + {d log e) L Using the method of averages for / < 0.8, we have 

0.7456 = 2 log c -\- o,id log e, 
9.9301 — 10 = 2 log c + 0.6 d log e, 

/. dlog^ = —1. 6310, logc = 0.4544. 
.-. d = -3.76, c = 2.85, 

and log r = 0.4544 — 1.6310/, or r = 2.85 er^'^^^. 
The final equation is 

i = 4.94 e-107' - 2.85 e-3-7«'. 

We now compute i and the residuals and note the very close agree- 
ment between the observed and computed values of L 

83. The polynomial y = a + 6x + c:r2 + d^ + • • • . — The equa- 
tion y = a '\- bx -{- cx^ may be modified by the addition of another 
term into y = a + ftx + cjc^ + do(?. If the values of x are equidistant, 
we may verify the correctness of the assumption of the last equation 
by the following method. Let the constant difference in the values' of 
X be A. Then the successive differences in the values of y are 

Ly = {bh + ch^ + dK') + (2 ch + 2>dh^) x-\-^2>dhx\ 
A^y =* (2 ch^ + edW') +6dK'x, 
L^y = 6dhK 

Hence the plot of {x, A.^y) will approximate a straight line, and the values 
of A*y are approximately constant. From the equation of the straight 
line we may determine the constants c and d, and writing the original 
equation in the form (y — cx^ ^ dx?) = a + 6ac, the plot of {x, y -rcx^^dx^) 
will approximate a straight line, from which the constants a and b 
may be determined. Another method of determining the constants 
a, 6, Cj d in the equation y = a + bx -]r ex? + dy? consists in selecting 
four points on the experimental curve, substituting their: coordinates 
in the equation, and solving the four linear equations thus obtained for 
the values of the four quantities a, 6, c, and d. 

In a similar manner the polynomial 3^ = a + 6jc + cx^ + • • • + jfejc** 
may be determined so that the corresponding curve peisses through 
n + I points of the experimental curve; it is simply necessary to sub- 
stitute the coordinates of these w + i points in the equation and to solve 
the » + I linear equations for the values of the w + i quantities, a, 6, 
c, . . . , ft. If the values of x are equidistant, we can show that the plot 
of (ic, A"""^3^) is a straight line and that L^'y is constant, where A'*"^^ 
and A"^' are the (w — i)st and nth order of differences in the values of y. 
Thus, if a sufficient number of terms are taken in the equation of the 
polynomial, this polynomial may be made to represent any set of data 
exactly; but it is not wise to force a fit in this way, since the deter- 
mination of a large number of constants is very laborious, and in many 
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cases a much simpler equation involving fewer constants may give much 
more accurate results in subsequent calculations. 

We shall work a single example to illustrate the method of determin- 
ing the constants. 

Example. We wish to fit a polynomial equation to the following 
data: 




$ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

(ps) 

Fig. 83. 



X 


y 


Ay 


A>y 


A»y 


y« 


A 








6.212 


,0.039 


0.019 








O.I 


0.212 


0.251 


0.058 


0.014 


0.210 


+0.002 


0.3 


0.463 


0.309 


0,072 


0.019 


0.463 





0.3 


0.772 


0.381 


0.091 


0.019 


0.770 


+0.002 


0.4 


1. 153 


0.472 


O.IIO 


0.018 


1. 152 


+0.001 


O.S 


1.625 


0.582 


0.128 


0.021 


1.625 





0.6 


2.207 


0.710 


0.149 


0.014 


2.209 


—0.002 


0.7 


2.917 


0.859 


0.163 


0.018 


2.920 


—0.003 


0.8 


3.776 


1.022 


O.181 




3 776 





0.9 


4.798 


1.203 






4.797 


+0.001 


I.O 


6.001 








S.998 


+0.003 
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In Fig. 83 we have plotted (ac, y) . We form the successive differences 
and note that the third differences are approximately constant, and 
that the plot of {x, L^y) approximates a straight line (Fig. 83). We 
may* therefore assume an equation of the form 3^ = a + &x + cjc* + djc*, 
or y = 6x + cx^ + dy?, since the curve evidently passes through the 
origin of coordinates. To determine the constants 6, c, and rf, select 
three points on the experimental curve; three such points are (0.2, 0.463), 
(0.5, 1.625), and (0.8, 3.776). Substituting these coordinates in the 
equation, we get 

0.463 = 0.2 ft + 0.04 c + 0.008 d, 

1.625 = 0.5 & + o. 25 c + 0.125 ^» 

3.776 = 0.8 6 + 0.64 c + 0.512 d. 

Solving these equations for 6, c, and d, we have 

b = 1.989, c = 1.037, d — 2.972 
and hence the equation is 

y = 1.989 X + 1.037 x^ + 2.972 o(?. 

We now compute the values of y and the residuals. 

84. Two or more equations. — It is sometimes impossible to repre- 
sent a set of data by a simple equation involving few constants or even 
by a complex equation involving many constants. In such cases it is 
often convenient to represent a part of the data by one equation and 
another part of the data by another equation. The entire set of data 
will then be represented by two equations, each equation being valid 
for a restricted range of the variables. Thus, Regnault represented the 
relation between the vapor pressure and the temperature of water by 
three equations, one for the range from — 32°F. to 0° F., another for 
the range from 0° F. to 100° F., and a third for the range from 100® F. 
to 230° F. Later, Rankine, Marks, and others represented the rela- 
tion by a single equation. The following example will illustrate the 
representation of a set of data by two simple equations. 

Eocample. The following data are the results of experiments on the 
collapsing pressure, p in pounds per sq. in. of Bessemer steel lap-welded 
tubes, where d is the outside diameter of the tube in inches and / is the 
thickness of the wall in inches. (Experiments reported by R. T. Stew- 
art in the Trans. Am. Soc. of Mech. Eng., Vol. XXVII, p. 730.) 
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log^ 


logP 
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0.0165 
0.0194 
0.0216 
0.0214 


225 

■383 
524 
536 . 


8.2175 — 10 
8.2878- 10 

8.3345-10 
8.3304- 10 


2.3522 
2.5832 
2.7193 

2.7292 


230 
381 

533 
517 


-5 

+2 

-9 
+19 
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O.02a8 


592 


570 


+ M 


0.0370 


1779 


iSii 


- 41 






670 


764 


- 84 






i860 




+ 4 




0253 


870 


790 


+ 80 




037S 


1879 


186S 


+ 14 




a277 






- 74 




0400 














1 187 






0403 


a2i4 








0199 


1 184 


1.96 






0436 


23S0 


a403 


-i»3 
























o.tit. 


1319 


1346 


- 27 




0477 


2962 


2764 


+198 




33°9 


1419 








3537 


3170 


3204 


- 34 








1583 


+ 97 












0.0349 


176a 


.636 




008.S 


SS6o 


5741 
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It should be noted that a set of corresponding values of ijd and P 
are not the results of a single experiment but the averages of groups 
containing from two to twenty experiments. 

Following the work of Prof. Stewart, we have plotted (//d, P), Fig. 84, 
and note that the experimental curve approximates a straight line for 
all values of tji except the first four, i.e., for values of //d > 0.023. 

We may therefore assume P = a + fef^j. If we use the method of 

selected points to determine the constants a and h we may choose the 
points tid = 0.065, P = 4250, and t/d = 0.030, P = 1215 as lying on 
the straight line; we then have 

4250 = a + 0.065 6, 
1215 = a + 0.0306. 

/. b = 86,714, a = — 1386 
and P = 86,714(1) -' 1386. 

This result agrees with that given by Prof. Stewart. If we use the 
method of averages to determine the constants a and b we divide the 
last 22 sets of data into two groups of 1 1 each, and get 

12,639 = II a + 0.3231 6, 
30,397 = 1 1 a + 0.5247 b. 

.-. b = 88,085, ^ = -1438, 
and P = 88,055 Q- 1438. 

In our table we have given the values of P computed from this last 
formula. The values of P computed from the first formula agree very 
closely with these. It is seen that the percentage deviations are in 
general quite small though large in a few cases, varying from 0.2 per 
cent to 10 per cent, which is to be expected from the nature of the 
experiments. 

We now attempt to fit an equation to the first four sets of data. The 

/A* k- 

addition of a modifying term of the form cl-j) or ce ** to the above 

formula is not successful here. We shall therefore follow Prof* Stew- 
art's work and attempt to fit an equation of the parabolic form, P = 

al-j] . We verify this choice by plotting (log ji logP) and observing 

that this plot approximates a straight line. (The fewness of the ex- 
periments for values of t/d < 0.023 is a handicap here.) Assuming 

log P = loga + ft logf ^j, 
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and using the method of averages, we find 

4-9354 = 2 log a + (6.5053 - 10) 6, 
5.4485 = 2 loga + (6.6649 ~ 10) b. 



and 



b = 3.11, a = 80,580,000 
P = 80,580,000 f -J j . 



We compute the values of P from this formula. 

The entire set of data have thus been represented by means of two 
simple equations, each valid for a restricted range of the variables.* 



EXERCISES. 

[Note, The exercises which follow are divided into two sets. The type of equation 
that will approximately represent the empirical data is suggested for each example in 
the first set. For the examples in the second set, the choice of a suitable equation is left 
to the student.] 

I. Temperature coefficient; r is the resistance of a coil of wire in ohms, 6 is the tem- 
perature of the coil in degrees Centigrade, [y = « + bx] 



r 


10.421 


10.939 


11.321 


11.799 


12.242 


12.668 


e 


10.50 


29.49 


42.70 


60.01 


75-51 


91.05 



2. Galvanometer deflection; D is the deflection in mm., I is the current in micro- 
amperes. Ly = « + bx] 



D 



29.1 


48.2 
0.0821 


72.7 


92.0 


118 


140 


165 

0.274 


0.0493 


0.123 


0.154 


0.197, 


0.234 



199 



0.328 



3. Volt-ampere characteristic of 118 volt tungsten lamp; e is the terminal voltage, i 
is the current. \y = ax^] 






2 


4 


8 


16 


25 


32 


50 


64 


100 


0.0245 


0.0370 


0.0570 
e 

• 

t 


0.0855 
150 


0.1125 
180 


0.1295 
200 


0.1715 
218 


0.2000 


0.2605 




0.3295 


0.3635 


0.3865 


0.4070 







125 



0.2965 



4. Pressure- volume of saturated steam; v is the volume in cu. ft. of i pound of 
steam, p is the pressure in pounds per sq. in. [y = «Jr*] 

7.995 



26.43 


22.40 


19.08 


16.32 


14.04 


12.12 
33.71 


10.51 


9.147 


14.70 


17.53 


20.80 


^4.54 


28.83 


39.25 


45.49 



52.52 



5. Chemical concentration experiment; x is the concentration of hydrogen ions, y is 
the concentration of undissociated hydrochloric acid, [y = ax^] 

0.00098 



X 


1.68 


1.22 


0.784 


0.426 
0.074 


0.092 


0.047 
0.00315 


0.0096 


0.0049 
0.00014 


y 


1.32 


0.676 


0.216 


0.0085 


0.00036 



0.000018 



6. Vibration of a long pendulum; A is the amplitude in inches, / is the time since it 
was set swinging, [y = «e^»] 

_< 
A 



10 



I 


2 


3 


4 


5 


6 


4.97 


2.47 


1.22 


0.61 


0.30 


0.14 



* Prof. Peddle in " The Construction of Graphical Charts " has fitted the equaticm 
t/d = 0.00274 ^yp + o.ooooooooii P* to Prof. Stewart's data. 
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7. Newton's law of cooling; d is the excess of the temperature of the body over the 
temperature of its surroundings, / is the time in seconds since the beginning of the experi- 
ment. \y = «e**»] 



t 





345 


10.85 


19.30 
14.9 


28.80 


e 


19.9 


18.9 


16.9 


12.9 



40.10 


53.75 
8.9 


70.95 


10.9 


6.9 



8. Barometric pressure; p is the pressure in inches of mercury, h is the height in ft, 
above sea level, [y = «e^"] 






886 


2753 


30 


29 


27 



4763 



25 



6942 



23 



10,593 



20 



9. Electric arc of length 4 mm.; V is the potential difference in volts, « is the current 
in amperes. I >^ = « + — I 



2.46 



2.97 



345 


3.96 


4-97 


5-97 


6.97 


7.97 


63.0 


61.0 


58.25 


56.25 


55.10 


5430 



67.7 I 65.0 

10. Speed of a vessel; H.P, is the horse power developed, v is the speed in knots. 



H.P. 



290 



7 


. 9 


560 


1 144 



II 


12 


1810 


2300 



II. Hydraulic transmission; H.P. is the horsepower supplied at one end of a line of 
pipes, u is the useful power delivered at the other end. I — = « + bjffi I 



H.F, 


100 


150 


200 


u 


96.5 


138 


172 



^50 

196 



300 



206 



12. Magnetic characteristic of iron; H is the number of gilberts per cm., a measure 
of the field intensity, B is the number of kilolines per sq. cm., a measure of the flux 

X 



density. [>. = ^^] 
H ! 8 



B 



130 



15 



14.0 



15.4 



20 


30 


40 


60 


16.3 


17.2 


17.8 


18.5 



80 



18.8 



13. Focal distance of a lens; p is the distance of the object, />' is the distance of its 



image 



p I 320 I 240 



180 



/>' I 21.35 I 21.80 I 22.50 



140 


120 


100 


80 


23.20 


23.80 


24.60 


26.20 



60 



29.00 



14. Pressure- volume in a gas engine; p is the pressure in pounds per sq. in., » is the 
volume in cu. ft. per pound, [y = «Jr* + c] 



44.7 



7.03 



53.8 



5.85 



73.5 



4-30 



85.8 


1 13.2 


135.8 


3.50 


2.50 


1.90 



15. Law of cooling; is the temperature of a vessel of cooling water, / is the time In 
minutes since the beginning of observation, [y = «e^» + c] 

20 
39.5 



/ 


6 


I 


2 


3 


5 


7 


10 


15 


e 


92.0 


85.3 


79.5 


74.5 


67.0 


60.5 


53.5 


45.0 
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i6. Straw-fibre friction at 150 pounds pressure according to Goss's experiments; y 
b the coefficient of friction for a straw-fibre driver and an iron driven wheel, x is the slip, 



x_ 

y 



0.153 0.179 


0.213 


0.271 


0.313 


0.359 


( 


0.368 


0.381 


0.386 


0.56 0.58 

X 


0.61 
0.41 1 


0.78 
0.432 


0.99 
0.458 


1. 10 
0.463 




1.04 
0.465 


1.22 1.40 
0.473 


y 


1.94 


2.00. 


2.25 


2.33 




3.15 




2.79 





0.405 
1.75 



17. Expansion of mercury according to Regnault's experiments; y is the coefficient 
of expansion between o® C. and /® C. \y ^a + bx + cjfi] 

t 

y 

18. Velocity of water in Mississippi River; v is the velocity, D is the depth. 
\y = a-\-bx-\- cjfi] 

0.9 






100 


150 


200 


250 


300 


360 


O.OOOI8I79 


0.000182 16 


O.OOOI826I 


0.00018323 


0.00018403 


0.00018500 


0.000 1 8641 



D 





O.I 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


V 


3.1950 


3.2299 


3.2532 


3.261 1 


3.2516 


3.2282 


3.1807 


3.1266 


3-0594 



2.9759 



19. Solution of potassium chromate; ^ is the weight of potassium chromate which will 
dissolve in 100 parts by weight of water at a temperature of /® C. [log y^a-\-bx-\-cji[!'] 



t 





10 


27.4 


42.1 


s 


61.5 


62.1 


66.3 


70.3 ^ 



20. Load-elongation of annealed high carbon steel wire of diameter 0.0693 <Lnd gage 
length 30 in.; W is the load in pounds, E is the elongation in inches. ly=s-\-bx-\'Ce^^] 



W 
E 



o 



50 



0.0130 



100 



150 



0.0251 
W 



0.0387 



200 



0.0520 



225 



320 



0.0877 



0.0589 
330 



250 



0.0916 



0.0659 
340 



260 



0.0689 
350 



280 


290 


300 


310 


0.0746 


0.0778 


0.0807 


0.0842 



O.IIII 



360 



0.1420 



0.0980 

21. Load-elongation of wire of Ex. 20 in hard-drawn condition; W is the load in 
pounds, E is the elongation in inches, [y = « + i& jr + cx^ 

W 



E 






100 


200 


300 


400 


500 


600 


700 


800 


850 





0.0280 


0.0562 


0.0849 


O.I 150 


O.I47I 


0.1820 


0.2 191 


0.2628 


0.2879 



22. Empirical curve. \y = «e*« + c©*»] 






0.3 


0.6 


0.9 


1.2 


1.5 


1.8 


2.1 


2.4 


3.00 


1.89 


1.27 


0.88 


0.63 


0.46 


0.33 


0.25 


0.18 



900 
0.3166 



3>o 

O.IO 



23. Magnetic characteristic of iron; H is the number of gilberts per cm., a measure 
of the field intensity, B is the number of kilolines per sq. cm., a measure of the flux density 

X 



(cf.Ex.12). [^ = j^^ + ce-] 



H 



B 



3.0 I 8.4 



a + bx 

6 
11.2 



8« 



13.0 



10 


15 


20 


30 


40 


"60 


80 


14.0 


15.4 


16.3 


17.2 


17.8 


18.5 


18.8 



24. speed of a vessel; / is the indicated horsepower, v is the speed in knots. 

[y ^ a + bx + cx!^ + dx-] 



8 


9 


10 


II 


12 


13 


14 


15 


16 


• 17 


1000 


1400 


1900 


2500 


3250 


4200 


5400 


6950 


8950 


",450 



18 



15400 
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25. Test on square steel wire for winding guns; S is the stress in pounds per sq. in., 
E is the elongation in inches per inch. 



5 


5000 


10,000 


20,000 


30,000 


E 





0.00019 


0.00057 


0.00094 



40,000* 



0.00134 



50,000 



0.00173 



i5o,ooo 



0.00216 



70,000 



0.00256 



80,000 



0.00297J 



s 


90,000 


100,000 


E 


0.00343 


0.00390 



110,000 



0.00444 



26. Flow of water over a Thomson gauge notch; Q is the number of cu. ft. of water, 
H is the head in feet. 



H 



1.2 


1.4 


4.2 


6.1 



1.6 



8.5 



1.8 



11.5 



2.0 



14.9 



2.4 



23.5 



27. Friction between belt and pulley; 6 is the arc of contact in radians between belt 
and pulley, P is the pull in pounds applied to one end of pulley to raise a weight W at the 
other end. 



e 


T 
2 


p 


5.62 



2ir 
3 


5^ 
6 


TT 


7' 
6 


3 


3^ 

2 


5^ 
3 


iix 
6 


6.93 


8.52 


10.50 


12.90 


15.96 


19.67 


24.24 


29.94 



28. Electric arc of length 2 mm.; Fis the potential difference in volts, i is the cur- 
rent in amperes. 



1.96 



V\ 50.25 



2.46 


2.97 


3.45 


3.96 


4.97 


5.97 


6.97 


7.97 
43.60 


48.70 


47.90 


47.50 


46.80 


45.70 


4500 


44.00 



9.00 



4350 



29. Normal induction curve for transformer steel; H is the number of gilberts per 
cm., B is the number of lines per sq. cm. 

H 



1.0 

425 


1.3 
800 


2.1 


2.9 


3.4 


1750 


2850 


4300 



4.1 



6100 



4.5 



6725 



5.2 



7800 



5.9 



7.5 



8600 J 10,200 



9.0 



11,150 



II.O 
12,200 



30. Pressure- volume in a gas engine; p is the pressure in pounds per sq. in., v is the 
volume in cu. ft. per pound. 

178.2 



39.6 


44.7 


53.8 


73.5 


85.8 


II3.2 


135.8 
4.59 


10.61 


9.73 


8.55 


7.00 


6.23 


5.18 



3.87 

31. Melting point of alloy of lead and zinc; 6 is the temperature in degrees Centi- 
grade, X is % of lead. 



e 



40 



186 



50 


60 


70 


205 


226 


250 



80 



2761 



90 



304 



32. Empirical curve. 



I 


3 


5 


6.42 


8.50 


11.03 



14.03 



17.53 



II 



21.55 



13 



26.12 



33. Candle-power of an incandescent lamp; H is the age of the lamp in hours, C,P. 
is the candle-power. 



H 



CJ". 






250 


500 


750 


1000 


1250 


24.0 


17.6 


16.5 


15.8 


15.3 


14.9 



1500 



14.5 



34. Insulation resistance-current passes through insulator and galvanometer; D is 
the deflection of the galvanometer, / is the time in minutes. 

15 



I 

D 


I 
18 


2 
II 


3 
8.0 


4 

6.2 


5 
5.5 


6 
5.0 


7 
4.4 


8 
4.0 


9 
3.5 


10 
3-3 


II 
3.0 


12 
2.7 


13 
2.5 


14 
2.5 



2.4 
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35. Experiments with a crane; / is the force in pounds which will just overcome a 
weight w. 



w 



100 


200 


300 


.400 


500 


600 


700 


8.5 


12.8 


17.0 


21.4 


25.6 


29.9 


34.2 



800 



38.5 

36. Copper-nickel thermocouple; / is the temperature in degrees, p is the thermo- 
electric power in microvolts. 



/ 





50 


p 


24 


25 



100 


150 


200 


26 


26.9 


27.5 



37. Law of falling body; ^ is the distance in cm. fallen by body in / sec. 



t 


0.2477 


0.4175 


0.5533 


s 


30.13 


85.26 


150.39 



0.6760 
223.60 



0.7477 

274.20 



38. Loads which cause the failure of long wrought-iron columns with rounded ends; 
P/a is the load in pounds per sq. in., l/r is the ratio of length of column to the least 
radius of gyration of its cross-section. 



l/r 



P/a 



140 


180 


220 


260 


300 


340 


380 


12,800 


7500 


5000 


3800 


2800 


2100 


1700 



420 



1300 



39. Heat conduction of asbestos; is the temperature in degrees Fahrenheit, C is 
the coefficient of conductivity. 



e 


32 


212 


c 


1.048 


1.346 



392 


572 


1.451 


1.499 



752 



1.548 



III2 



1.644 



40. Rubber-covered wires exposed to high external temperatures; C is the maximum 
current in amperes, A is the area of cross-section in sq. in. 



3.2 



0.001810 



5.9 



0.004072 



9.0 


22.0 


42.0 


68.0 


84.0 
0.1250 


0.007052 


0.02227 


0.05000 


0.09442 



102.0 

0.1595 



41. Pressure-volume relation for an air compressor; p is the pressure, v is the volume. 



p 


18 


21 


26.5 


33.5 


44 


62 


V 


0.635 


0.556 


0.475 


0.397 


0.321 


0.243 



42. Power delivered by an electric station; w is the average weight of coal consumed 
per hour per kilowatt delivered, / is the load factor. 



w 



0.25 



2.843 



0.20 



3012 



0.15 



3.293 



o.io 



3.856 



0.05 



5.545 



43. Temperature at different depths in an artesian well; is the temperature in 
degrees C, dis the depth, * 

548 







28 


66 


173 


248 


298 


400 


505 


II. 71 


12.90 


16.40 


20.00 


22.20 


23.75 


26.45 



27.70 



44. Resistance of copper wire; R is the resistance in ohms per 1000 ft., D is the 
diameter of wire in mils. 



D 



289 


182 


102 


57 


32 


18 


0.126 


0.317 


I.OIO 


3.234 


10.26 


32.80 



10 
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45. Hysteresis losses in soft sheet iron subjected to an alternating magnetic flux; 
B is the flux density in kilolines per sq. in., P is the number of watts lost per cu. in. for 
I cycle per sec. 

B 



20 


40 


60 


80 


100 


120 


0.0022 


0.0067 


0.0128 


0.0202 


0.0289 


0.0387 
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46. Volt-ampere characteristic of a 60 watt tungsten lamp: V is the number of 
volts, / is the number of milli-amperes. 

100 
473 
220 
743 

47. Calibration of base metal pyrometer (40% Ni and 60% Cu) ; V is the number 
of millivolts, / is the temperature in degrees F, 



I 

V 



2 


5 


10 


20 


30 


40 
272 

160 


50 


60 
34« 
180 


70 


80 


90 
443 
210 


49 
no 


80 
120 


117 
130 


180 
140 


227 
150 


311 
170 


383 
190 


414 
200 


501 


526 


553 


577 


597 


618 


639 


663 


682 


702 


722 



V 





2 


4 


6 


8 


10 


12 


14 


16 


t 





146 


255 


320 


396 


475 


553 


634 


714 



48. Tests on drying of twine; t is the drying time in minutes (time of contact of 
twine with hot drum), Wis the percentage of total water on bone dry twine' at any 
time, E is the percentage of total water on bone dry twine at equilibrium, d is the di- 
ameter of the twine in ins. 

(a) d = 0.102 ins., E = 18.7%. 



/ 





0.44 


0.88 


1.31 


1.75 


W-E 


29.5 


15.4 


9-4 


5.1 


3.1 



(ft) d = 0.158, E = 6.2%. 



t 





1. 11 


2.23 


W-E 


30.3 


17.4 


12.4 



3.34 


4.45 


5.56 


8.2 


4.9 


3-3 



CHAPTER VII. 
EMPIRICAL FORMULAS — PERIODIC CURVES. 

85. Representation of periodic phenomena. — Periodic phenomena, 
such as alternating electric currents and alternating voltages, valve-gear 
motions, propagation of sound waves, heat waves, tidal observations, 
etc., may be represented graphically by curves composed of a repetition 
of congruent parts at certain intervals. Such a periodic curve may in 
turn be represented analytically by a periodic function of a variable, 
i.e.f by a function such that/(jc + k) = f{x), where k is the period. Thus 
the functions sin x and cos x have a period 2 x, since sin (ac + 2 x) = sin x 
and cos (ac + 2 x) = cos x. Again, the function sin 5 x has a period 
2 t/5, since sin 5 (ac + 2 x/s) = sin (5 jc + 2 tt) = sin 5 x, but the func- 
tion sin ac + sin 5 ac has a period 2 x, since sin (:« + 2 tt) + sin 5 (jc + 2 x) 
= sin x + sin 5 x. 

Now, any single-valued periodic function can, in general, be expressed 
by an infinite trigonometric series or Fourier's series of the form 

y = /W = fl^p + «1 cos JC + 02 COS 2 aC + • • • + fl^n COS WOC + * * * 

+ 61 sin :)c + 62 sin 2 oc + • • • + 6n sin w:)c + • • • , 

where the coefficients a* and 6* may be determined if the function is 
known. This series has a period 2 tt. But usually the function is un- 
known. Thus, in the problems mentioned above, the curve may either 
be drawn by an oscillograph or by other instruments, or the values of the 
ordinates may be given by means of which the curve may be drawn. 
Our problem then is to represent this curve approximately by a series of 
the above form, containing a finite number of terms, and to find the 
approximate values of the coefficients a* and 6*. The following sections 
will give some of the methods employed to determine these coefficients. 

86. The ftmdamental and the harmonics of a trigonometric series. — 
In Fig. 86a we have drawn the curves y = ai cos x, y = bi sin x, and 
y = ai cos X + bi sin x. 

The maximum height or amplitude of y = ai cos x is ai and the 
period is 2 tt. The amplitude of 3^ = 61 sin x is 61 and the period is 2 x. 
Now we may write 

y = ai cos X +bismx = y/a^ + b^ , ^ - sin x -\ — , cosx L 
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and letting y/a^ + h^ = Ci, 



we may write 



61 



y/a^ + 6i2 



= COS^l, 



ax 



Vai^ + 6i2 



= sin ^1, 



y = ci sin {x + ^1), where Ci= Vai^ + 61^, ^1 = tan~^ t-- 

Here Ci is the amplitude and ^; is called the phase. The wave rep- 
resented by y = Ci sin {x + ^1) is called the fundamental wave and 
y = ai cos X, y = bi sin x are called its components. 




Fig. 86a. 



Similarly, we may represent y = a* cos kx, y = bk sin jfejc, 

■ 

and y = dk cos feac + bk sin feac = Ck sin (fejc + <^*), 

where Ck = Vajk^ + bk^ and <^ib = tan~^ at/ft*. 

The wave represented by y = c* sin (kx + <^a;) is called the Jfeth har- 
monic; its amplitude is c*, its phase is <^jk, its period is 2 x/jfe, since 

sin k(x + -Y) + <l>k\= sin [fe:x: + 2 T + <l>k] = sin (*jc + <t>k), 

and its frequency, or the number of complete waves in the interval 2 x, 
is k. 

The trigonometric series is often written in the form 

y = Co+Cisin(x+<t}i)+C2sin{2x + <t)2)+ • • • +Cnsm(nx + <l>n)+ • • • , 

showing explicitly the expressions for the fundamental wave and the 
successive harmonics. The more complex wave represented by this 
expression may be built up by a combination of the waves represented by 
the various harmonics. Fig. 866 shows how the wave for the equation 

y = 2sin(x + ^+ sinf2:x; - y") + isinUac + ^j , 

or 

V3 , V2 , ^/- . 1 . V2 . 
y = cosx z^cos 2x-\ cos 3jc+ V3sin :x: — J sin 2ac sin 3 x 
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is built up as the combination of the fundamental and the second and 
third harmonics, and how the fundamental wave is modified by the addi< 
tion of the harmonic waves. 




fawx 



In the case of alternating currents or voltages, the portion of the wave 
extending from x=Ttox = 2jris merely a repetition below the x-axis 
of the portion of the wave extending from x = o to a: = n-; this is illus- 
trated in Fig.,86c where thevaluesof 
the ordinate at x = x, + tt is minus 
the value of the ordinate at a: = Xr. 
Since 
a{k[x+'^]+ 4,,) 

= sin (kx + ijti, + for) 
= +sin (kx + (In) if k is even 
F'"^- 86(- = -sin (kx + 4>t) if k is odd, 

the series can contain only the odd harmonics and has the form 

y = Co + cj sin {x + *i) + c» sin (3 * + *i) + Cs sin (5 « + ^) + ■ • • , 
or 
y = Co + Oi cos » + dj cos 3 X + as cos 5 * + - ■ • , 
+ Ji sin jc + ii sin 3 X + 6s sin 5 a; + ■ - • . 
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87. i Determination of the constants when the function is known. — 
If, in the series 

y = /(^) = flk) + fl^i cos X + 02 cos 2 X + • • • + an cos nx + • • • 

+ ftisinx + 62Sin2x + • • • +bnsinnx + • • • , 

we multiply both sides by dx and integrate between the limits o and 2ir, 
we have 

ydx^Ool dx + ai I cosx dx+ ... +an I cosnxdx + 
Jo t/o Jo 



• • • 



Jf^2T r2v 

smxdx+ . . . +bn I smnxdx + 
Jo 



= do 



x 



2t I , |2fr 

. + fl^i sin X + 
I |o 

— fti cosx 



a, 



2ir 



• • • 



H sin nac + 

fi I 1 

cosnx 



bn 

n 



• • 



= 2 tOo, since all the other terms vanish. 

If we multiply both sides by cos kx dx and integrate between the 
limits o and 2 t, we have 

y cos kxdx ^ do j cos feac doc + • • • + a* I cos^ kxdx + • • • 

cos «jc COS kxdx + • • • +bn I sin nx cos kxdx + • • • 

Jo 






sinifcoc 

^n 



2t 



+ 



• • • 



, ak\ , sin2^:x: 

2 2^ 



2t 



+ 



+ 



2 
2 



sin (n — k) X. sin (w + ife) ^ ^' 



n — fe 



n + k 



+ 



cos (n — fe) jc cos (n + k)x 





2ir 



n — fe n+k 

= Tat, since all the other terms vanish. 

Similarly, if we multiply both sides by sin kx dx and integrate be- 
tween the limits o and 2 x, we have 

ysinkxdx = aoi sinkxdx+ • • • +anl cosnxsinkxdx+ • • • 

.t/o Jo 



sin^ kxdx+ " • +bn I sin nx sin kx dx + 

t/o • 



• • • 



= — T- I cos kx 



2x 



. bk\ sm2ifc:;c 

2 2k 



+ 



• • 



2 



cos (k — n)x . cos (fe + ^) 3g 

i — w .* + w 

sin (n — fe) X sin (n + k) x 



w — fe 



n + k 



2x 



2x 



+ 



• • • 



= Trftit, since all the other terms vanish. 
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Collecting our results, we have 
Oq = — I ydx, ak =" - I ycoskxdXf 6* = - / ysinkxdx, 

where ife = 1,2,3 Each coefficient may thus be independently 

determined and thus each individual harmonic can be calculated without 
calculating the preceding harmonics. 

88. Determination of the constants when the function is unknown. — 
In our problems the function is unknown, and the periodic curve is drawn 
mechanically or a set of ordinates are given by means of which the curve 
may be approximately drawn. We shall represent the curve by a trig- 
onometric series with a finite number of terms. We divide the interval 
from x = otoJC = 27r into n equal intervals and measure the first n 
ordinates; these are represented by the table 

/ V 27r 

(w - — 

ft 

Xn-l 



X 





2t 

« 

n 


4T 

n 


6t 

n 


• • • 


27r 
r — 
n 




Xo 


Xi 


X2 


X3 


• • • 


Xr 


y 


yo 


yi 


y2 


ya 


• • • 


yr 



yn^i 



We wish to determine the constants in the equation 



^ = 00 + ^^1 cos X + 
+ 61 sin X + 



+ aic cos kx + 
+ bk sin kx + 



• • • 



where the number of terms is n, so that the corresponding curve will pass 
through the n points given in the table. Substituting the n sets of values 
of X and y in this equation, we get n linear equations in the a's and 6*s of 
the form 



Jr = flo + dl cos Xr + 

+ bi sin Xr + 



+ ak cos kXr + 
+ bk sin kXr + 



• • • 



where r takes in succession the values o, 1,2, ...,n— i. We may 
now solve these n equations for the a's and 6*s. 

We shall first state two theorems in Trigonometry concerning the 
sum of the cosines or sines of n angles which are in arithmetic progression, 
viz.: 

2)cos (a + rjS) = cos a + cos (a + jS) + cos (a + 2 jS) + 



• • • 



sm 



nj8 



+ cos (a + [n — i] jS) = 



. 18 
sm - 

2 



COS 



(.+'-i^.), 
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^sin (a + rff) = sin a + sin (a + jS) + sin (a + 2 j8) + 



• • • 



+ sin(a + [w — i]j8) 



sin — 

2 

sm - 

2 



sin fa + ^-— jSJ- 



2 TT 

If we let a = o and jS = / — , these beconle 

n 



X 



s 



,2 7r sin/TT l(n—i)ir . . , 

cos rl-r- = — cos — ^^ = o, since sin lir = o, 

n . It n 

sin — 
n 

,2 7r sin/TT ./ (w — i) T . . , 

sin rl — = r- sin — ^^ — = o, since sin It = o, 

ft , iT ft 

Sin — 
n 



* We may prove these theorems as follows: 

By means of the well-known trigonometric identities 

2 cos 1* sin » = sin (« + i>) — sin (u — i>), 2 sin u sin v = 

we may write the identities 



cos (tt — ») — cos (« + v) 



2 COS a sm 



2cos(a-f-fi)an--=sinf aH-~ J— sinf aH — J- 
(a+2«sin|=sin(a-h^)-sin(a+^). 



2 COS 



-3 



») 



2cos(a+[n— l]/9)sin^ = sin la-\ — fij 

• [ I 2« 
— sm I a H ; 

Adding, we get 

2 sm - ^008 (« + f/3) = sinf aH — fij 

(„ + «rLV)sin5^. 



2 cos 



. nfi 
sm — 

2 






sin- 

2 



2 Sm a sm - = cos la ) — cos I a + - )• 

2 sin (a+/8) sin- =cos[ «+ - ] — cosf a-f- — )• 

2sin(a+2/3)sin^=cos(a+^J-cos(a+^j' 

• • • I • • 

2 sin («+[«— i] /8) sin - = cos f aH -^\ 



—cos la 



+ 



2_»-I^\ 



)• 



Adding, we get 
2 sin - Xsin {a-\-r0) =cos ( a j 



(, 2 «— I A 
""^ 2 — ^J 

= 2 sm I a H /8 I sm — 



. »/8 
sm — 

2 



— / \ 

/. 2sin(a+f/3)= _|.sin(a+^'/3J 



/3 
sm- 

2 
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for all values of / except 

/ = o, when 5^cos rl — = Tjcos o = n, 

I == n, when ^/^^^ ^^ — ~ 2) ^^^ 2 nr = n. 



Since Xr = r — , we may finally state that 

ft 

2)cos Ixr = o, except when / = o or / = « 

= w, when / = o or / = w. 

5jsin Ixr = o for all values of /. 

To determine Oq we merely add the n equations, and get 

2)yr = nao+ • • • +ak ^coskxr + • • • +a*2)sin*Xr+ • • • 
= noo, since all the other terms vanish. 

To determine a* we multiply each of the n equations by the coefficient 
of dk in that equation, i.e., by cos kxr, and add the n resulting equations; 
we get 

2jyr cos kXr = Ofl JJ^^S kXr + ' • • + fl* jJcOS^ kXr + ' ' • 

m • 

+ap2)cos/>:x:rCosfea[:r+ • • • +bp^sinpXrCoskXr+ • ' • . 

Now, 

^cosjfeocr = o; 

2)C0S />Xr COS kXr* = i 2)cOS (/> + *) ^^r + § jJcOS (/> — fe)aCr = O; 

2)sin />Xr COS *acr* = § 2)sin (/> + *) Xr + J 2^^^ (/> — *) ^ = o; 

5lcOS* iXr = 5^- (l + COS 2 kXr) = - + - VcOS 2 feXr = -, if ife 5^ - 
^^ ^^2 2 2 ^^ 2 2 



= «, if ife = — 

2 



• We use the trigonometric identities 

2 cos u cos » = cos (« + »)+ cos (« — v). 
2 sin « cos » = sin (« + ») + sin (u — »). 
2 sin « sin V = cos (« — v) — cos (« + »). 
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2 4* 4« 

yr COS kxr = - a*, except when * = - 

= «a», when ife = ^. 

To determine 6* we multiply each of the n equations by the coefficient 
of bk in that equation, i,^., by sin kxr^ and add the n resulting equations: 
we get 

2jyr sin kXr = Oo 2)sin ixr + • • • flp X^^^ ^^*' ^^^ ^^*' "^ 



• • 



+ 6* 2)sin2 focr + • • • + 6p 2/Sin />jCr sin fexr + • • • • 
Now, 

2jsin kXr = o; 

2)cos />acr sin kxr* = § 2)sin (*+/>) Xr + § 2)sin (jfe — />) Xr = o; 

2)sin /Wr sin fe^r* = h ^cos (/> — fe) acr — J Jjcos (/> \'k)xr ^ o; 

2jsin2 *Xr = 2)- (l — cos 2 *JCr) = JJcOS 2 JfeoCr = - , if * r^ - 



= o, if * = - 

' 2 



Hence, 2)3'r sin kXr = - J*. 

Collecting our results, we have finally 

oo = - X> = :;; (^'o + ^'i + ^2 + • • • + 3'n-i), 

«n = - S^r cos- Xr= - X3'r COS TT = - (> - Ji +^2 - ^3 + ' * • - ^n-l), 
2 ** 2 7* ^^ W 

2 Y^ 2 

ajb = - X^rCOSfejCr = - (^0 COS fejICo + Jl COS fe:X:i + ' • • + 3'n-i COS fejCn-i), 

It ^ n 

2 ^-\ .2 

6* = - T^yr sin kXr = - (3^0 sin kx^ + yi sin fe^i + • • • + 3'n-i sin kxn -J. 

* We use the trigonometric identities 

2 cos u cos t; = cos («+»)+ cos (« — v), 
2 sin tt cos V = sin («+»)+ sin (« — »). 
2 sin tt sin v = cos (« — ») — cos (« -}- »), 
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If n is an even integer, our periodic curve is now represented by the 
equation 

y = Oo + fl^i cos x+ ' ' - +ak cos kx+ * ' - +an cos - x 

2 2 

+ &i sin 3: + • • • +bksmkx + • • • +bn sin ( i] x. 

The n coefficients are determined as above. Thus — 

Oq is the average value of the n ordinates. 

an is the average value of the n ordinates taken alternately plus and 
2 

minus. 

a* or bk is twice the average value of the products formed by multiply- 
ing each ordinate by the cosine or sine of k times the corresponding value 

of X.* 

We note that each coefficient is determined independently of all the 
others. 

If we wished to represent the periodic curve by a Fourier's series con- 
taining n terms, but had measured m ordinates, where m > », we should 
have to determine the coefficients by the method of least squares. The 
values of the ordinates as computed from this series will agree as closely 
as possible with the values of the measured ordinates. It may be shown 
that the expressions for the coefficients obtained by the method of least 
squares have the same form as those derived above.f 



* We may also derive the values of the coefficients as follows: In Art. 87, we have 
shown that 

y cos kxdx = ak I cos' kx dx, 

since all the other terms vanish. 

If we replace the integrals by sums, and take for dx the interval 2 x/n, this becomes 

7.yr COS kxr = ak 2^08* kxr = - «*, if Jfe ^ o or k 7^ - 

= naky if ik = o or Jfe = -• 

mm 

Hence, JJ^r = «flO, Vyr cos ^ Xr = »^, 2)yr COS ^ = - a*. 

Similarly we may show that 2^'" ^^'^ ^^^ ~ ~ ^** 

t See A Course in Fourier's Analysis and Periodogram Analysis by G. A. Carse and 
G. Shearer. 
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We shall illustrate the use of the above formulas for the coefficients by 
finding the fifth harmonic in the equation of the periodic curve passing 
through the 12 points given by the following data (Fig. 89). 



z 


y 


oos5z 


8in5z 


yoos5z 


ysinSz 


0° 


9.3 


1.000 


0.000 


9.30 


0.00 


30° 


15.0 


-0.866 


0.500 


-12.99 


7.50 


60° 


17.4 


0.500 


-0.866 


8.70 


-15.07 


90° 


23.0 


0.000 


1.000 


0.00 


23.00 


120° 


37.0 


-0.500 


-0.866 


-18.50 


-32.04 


150° 


31.0 


0.866 


0.500 


26.85 


15.50 


180° 


15.3 


-1.000 


0.000 


-15.30 


0.00 


210° 


4.0 


0.866 


-0.500 


3.46 


- 2.00 


240° 


- 8.0 


-0.500 


0.866 


4.00 


- 6.93 


270° 


-13.2 


0.000 


-1.000 


0.00 


13.20 


300° 


-14.2 


0.500 


0.866 


- 7.10 


-12.30 


330° 


- 6.0 


-0.866 


-0.500 


5.20 


3.00 








S = 


3.62 


- 6.14 



«5 = A ^yr COS SXr = O.6O; h = ^ 2/>'r siu 5Xr= — 1.02. 

Hence the fifth harmonic is 0.60 cos 5x — 1.02 sin 5 x. 

It is evident that the labor involved in the direct determination of the 
coefficients by the above formulas is very great. This labor may be 
reduced to a minimum by arranging the work in tabular form. These 
forms follow the methods devised by Runge * for periodic curves in- 
volving both even and odd harmonics (Art. 89), and by S. P. Thompson t 
for periodic curves involving only odd harmonics (Art. 90). 

89. Numerical evaluation of the coefficients. Even and odd har- 
monics. — 

(I) SiX'Ordinate scheme. — Given the curve and wishing to determine 
the first three harmonics, i.e., the 6 coefficients in the equation 

y = Oo +(ii cos X + 02 cos 2x + az cos ^x + bisin x + bz sin 2 iic, 
we divide the period from 3: = 0° to 3: = 360° { into 6 equal parts and 

♦ Zeit. f. Math. u. Phys., xlviii. 443 (1903), Hi. 117 (1905); Erlauterung des Rech- 
nungsformulars, u.s.w., Braunschweig, 1913. 

t Proc. Phys. Soc., xix. 443, 1905; The Electrician, 5th May, 1905. 
t If the period is taken equal to 2 t/iu instead of 2 x, the representing trigonometric 
series has the form 

y = oo + fli cos md -\- (h cos 2 md + • • • 
+ 61 sin m^ + 62 sin 2 m^ + • • • , 
where represents abscissas. By the substitution mO = x or 6 = x/m, the series be- 
comes 

y = Oo + fli cos X -\- (h cos 2 x + • • • 

+ 61 sin ^ + 62 sin 2 ^ + • • • , 

and this has a period 2 x. The abscissas from ^ = o to ^ = 2 x/w now become the 

abscissas from x = o to x = 2 x, and we proceed to determine the coefficients in the 

second series as outlined. Having determined the coefficients, we finally replace x by 
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measure the ordinates at the beginning of each interval; let these be rep- 
resented by the following table: 



X 


o" 


60" 


120° 


180° 


240° 


300° 


y 


yo 


yi 


y* 


y* 


y* 


ys 



Here n = 6, and using the formulas on p. 177, we have 

6ao-yo +yi +yi +yz +yA . +ys 

6aj = yo —yi +yt —y^ +^4 — ^5 

301 —ybcoso^+yicos 6o®+>^cosi2O®+y8Cosi8o®+y4Cos24O°+y6Cos300° 
SOt "yocoso® +yicosi20*^+yicos240°+y3cx)s36o®+y4cos48o°+y5cos6oo'' 
3 fti ■■ yosino** +yisin 60® +yisin 120** +yjsin 180® +y4sin240° +y6sin30O° 

3 6i — yosino® +yisin 120® +yisin240® +yjsin36o** +>^4Sin48o° +y6sin6oo® 
We arrange the y*s in two rows, 

yo yi yi yi 

Sum t^ vi vs vs 
DiflF. wi W2 

whrrr \\w rV art* the sums and the w's are the differences of the quantities 

ulaiulinu I'* <•>** '**^"^^' vertical column; thus, Vo = yo, Vi = yi + ^b, Wi * ^i 

Vii, rtr. SiuiH* iHKH 240® = cos 120*^, cos 300*^ = cos 60°, etc. We may 

ti \h -^ t\» + t'l +Vt + »8 

(^ ♦!« - t\» — t'l + »i — V3 

,^ 4h — t\i + V\ COS 60° + vt COS 120*^ + ^3 COS i8o® 
,^ ♦♦« - \\\ + t»i ix^ 120'' + % COS 246° + vj COS 360° 
,^ ^1 — Wh 810 60^ + w% sin 120° 

\t^ — tt»i 8in 120® + w% sin 240° 

Wii iuranau the- v*>i and tt»*s in rows, 





fb 


Vx 


Wi 




f» 


V\ 


Wi 


Sum 
Uitl, 


90 


Pi 
Si 


ri 

Si 


w write 








3 »i = ^0 + i ft, 






6 as = go — ffi, 
3 0'2 = po — ^ Plf 


3*;="^^. 






3h^^s,. 



Example, Determine the first three harmonics for the following data 
taken from Fig. 86ft. 
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0.47 



60^ 



1.77 
0.47 



120 



180^ 



2.20 

1.77 
-0.49 



— 2.20 

2.20 
— 1.64 



240 



— 1.64 
— 2.20 



300' 



-0.49 



V 

w 



0.47 
0.47 

— 2.20 



1.28 
2.26 

1.28 
0.56 



0.56 
3.84 



— 2.20 



2.26 

3.84 



r 
s 



6.10 
-1.58 

3 ^1 = 3-03, 
3*2 = -1.37- 



p -1.73 1.84 

q 2.67 0.72 

6flo = o.ii, 6a3 = 1.95, 

302 = -2.65, 3*1 = 5-28, 

Hence, Oo = 0.02, ai = i.oi, ch, = —0.88, az = 0.33, 

61 = 1.76, &2 = —0.46, 

and y = 0.02 + i.oi cos x —0.88 cos 2 :x; + 0.33 cos 3 x 

+ 1.76 sin X —0.46 sin 2 x. 

The equation from which the curve in Fig. 866 was plotted was 

y = 2sinf:x; + gj + sin f 2 :x: - -^ j +2^'"^ (^^ "*" 4 ) 

= cos jc— 0.87 cos 2 3: +0.35 cos 3 :x:+i .73 sin JC+0.50 sin 2 jc— 0.35 sin 3 x. 

We observe the close agreement between the two sets of coefficients, 
the small discrepancies being due to the approximate measurements of 
the ordinates for our example. 

(II) Twelve-ordinate scheme, — Given the curve and wishing to deter- 
mine the first six harmonics, i,e,, the 12 coefficients in the equation 

y = Oo + ai cos x +02 cos 2x -\' az cos 3 a: + a4 cos ^x + af, cos 5 x 

+a6 cos 6 X + 61 sin :x; + 62 sin 2 jc + 63 sin 3 x + 64 sin 4 :x: + 65 sin 5 x^ 

we divide the interval from :x: = o to 3: = 360° into 12 equal parts and 
measure the ordinates at the beginning of each interval ; let these be rep- 
resented by the following table: 



X 


0° 


30' 

y^■ 


60° 

yt 


90° 

yi 


120* 


150" 


180° 


210" 


240° 


270" 


300° 

yio 


330" 


y 


^4 


yf> 


yt 


yi 


yi 


^9 


yn 



Here » = 12, and the formulas for the coefficients give 

12 Oo = yo + yi + ^2 + 

12 ae = 3^0 — yi +3^2 — 

6 ai = yo cos o** + y\ cos 30® + y^ cos 60° + 

6 02 = yo cos 0° + yi cos 60° + 3^2 cos 120® + 

• ••■*• 

6 Ji = yo sin o** + yi sin 30^ + 3^2 sin 60® + 
6 J2 = yo sin o® + yi sin 60® + 3^2 sin 120° + 



+ 3'u 

- y\i 

+ yn cos 330** 

+ 3^11 cos 660° 

+ yn sin 330° 
+ yn sin 660® 
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If we arrange the y's in two rows 

yo yi y2 yz y\ ys ye 
yii yio y9 y% y^ 

Sum Vo Vi V2 Vz Vi v^ Ve 

Diff. Wi W2 wz Wi Ws 

and remember that 005330° = 00530°, sin 330° = —sin 30°, etc., 
above equations may be written 

12 Oo = *Vo + ^'i +V2 + • • • + ve 

12 a^ = Vo — Vi + V2 — • • • + Ve 

6ai = Vq + Vi cos 30° + V2 cos 60° + • • * + Ve cos 180° 

6a2 = Vq + Vi cos 60° + V2 cos 120° + • • • + Ve cos 360° 



• • . . . a • ■ i • • 

6 61 = Wi sin 30° + W2 sin 60° + • • • + ^6 sin 150° 

6 62 = Wi sin 60° + W2 sin 120° + • • • + Ws sin 300° 

If we now arrange the v*s and w's in two rows 

Vo Vi V2 Vz Wi W2 Wz 
Ve Vs 1^4 Ws W\ 

Sum pQ pi p2 pz Ti r^ Tz 

Diff. go 9x 9.2 S\ S2 

the equations may be written 

12 ao = go + gi + g2 + gz 

12 a^ = po — pi + p2 — pz 

6 ai = go + gi cos 30° + g2 cos 60° 
6(i2 = po + pi cos 60° + p2 cos 120° + pz cos 180® 

6bi = Ti sin 30° + r2 sin 60° + rz sin 90° 

6 J2 = ^1 sin 60° + S2 sin 120° 

Finally, if we arrange the />'s, g's, and r*s as follows: 



Po 


/>! 


n go 


pi 


Pz 


^3 g2 


Sum U 

• 


h 


Diff. h fe 


the equations become 






12 Oq = /0+/1. 


• 


12 06 = A) — /l. 


6 ai = go + gisin6o° + 


g2sin30°. 


6 05 = go — gi sin 60° + 


602 = (po-pz) + (pi- 


/>2)sin30°. 


6a,=(po+pz)-(pi'] 


6 08 = fe. 




6 63 = /i. 


- «:n'xo° + r2sir 


i6o° + r8. 


6 65 = n sin 30° — r2 s 






fi h, =: (Xi — .90"^ Sin fi( 
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We may now arrange the above scheme in a computing form as fol- 



lows: 
Ordinates 

Sum 
Diff. 



yo 



yi 

yn 



yt 



y^ 

3^9 



^4 

y% 



3^6 

yi 



yt 



V, 



W] 






Vi 



V2 



V2 

W2 
vs 



Vz 
Wz 



Vi 
Wi 



Wi 



V5 

W2 

Wi 



Vt 



Wi 



Sum 
Difif. 



Sum 



Po 
So 

Po 

P2 



Pi 

Pi 
Pz 



P2 



Pz 



Tl 
S\ 

n 

rz 



h 



Diff. 



2o 

22 



rs 



h 



Multipliers of the quan- 
titles in the same 

°omontal rows before 
these are entered 


Coeine termn 


Sine terms 


sin 30° = 0.5 
sin 60° = 866 
_iin90°=: 1.0 


92 
90 


— p, pi 
Po —Pi 


u 


Iq l\ 


ri 


81 82 


tl 


gum of 1st column 
















eiS^of 2d column 






«um 
■Difference 


601 
605 


602 
604 


60s 


12 oo 
12 03 


661 
6&S 

• 


662 
664 


6 6, 



Checks: 



Result: 



^^tY 



3^0 = flto + fl^l + fl^ + ^3 + ^4 + ^6 + ^6. 

yi - yii = (&1 + &6) + V3 (&2 + 64) + 2 &3. 
y = Oo + fli cos X -^ a^ CO? 2 jc + • • • + ae cos 6 JC 
+ 61 sin 3: + 62 sin 2 :x; + • • • +65 sin 5 x. 




-aoi 



Fig. 89. 



sffO°X 
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Example. In the periodic curve of Fig. 89, the interval from x = o** 
to X = 360^ is divided into 12 equal parts and the ordinates y^ to yn are 
measured. 

330° 



X 


0° 

9-3 


30° 

150 


60^ 90° 
17.4 23.0 


120° 


150" 


180° 


210° 


240° 


270° 


300° 


y 


37.0 


310 


15.3 


4.0 


-8.0 


-132 


— 14.2 



—6.0 



We shall determine the first six harmonics by the above scheme. 

Ordinates 9.3 15.0 • 17.4 23.0 37.0 31.0 15.3 

—6.0 —14.2 —13.2 —8.0 4.0 



Sum (v) 


9.3 


90 3-2 


9.8 


29.0 35.0 15.3 


Diff. iw) 




21.0 31.6 


36.2 


45.0 27.0 




9.3 


9.0 3.2 9.8 




21.0 31.6 36.2 




15.3 


35.0 29.0 




27.0 45.0 


Sum {p) 


24.6 


44.0 32.2 9.8 




(r) 48.0 76.6 36.2 


Diff. (g) 


— 6.0 - 


-26.0 —25.8 

24.6 44.0 
32.2 9.8 




{s) -6.0 -134 

48.1 —6.0 

36.2 -25.8 



Sum (/) 



56.8 53.8 



Diff . (/) 1 1.9 19.8 



Multipliers 


CoRine terms 


Sin* terms 


0.5 

0.866 

1.0 


-12.9 

-22.5 
-6.0 


-16.1 22.0 
24.6 -9.8 


19.8 


56.8 53.8 


24.0 

66.3 
36.2 


-5.2 -11.6 


11 9 


Sum of Ist col. 
Sum of 2d col. 


-18.9 
-22.5 


8.5 
12.2 




56.8 
53.8 


60.2 
66.3 


- 5.2 
-11.6 




Sum 
Diff. » 


-41.4-6 oi 
3.6-6 0| 


20.7-60, 
-3.7-604 


19.8 
-6fl| 


110.6-12 oo 
3.0-12 0. 


126.5-661 
-6.1-6 6, 


-16.8-6 61 
6.4-664 


11.9 
-6 6, 



ai=— 6.90, 02 = 3.45,^3 = 3.30, 00 = 9.22,61=21.08, &2=— 2.80, 63 = 1.98, 
05=0.60, 04=— 0.62, 05=0.25, 65= — 1.02, 64=1.07. 

Check: 9.3 = 9.22 — 6.90 + 3.45 + 3.30 — 0.62 + 0.60 + 0.25 = 9.30. 
21.0 = (21.08 — 1.02) + 1.732 ( — 2.80 + 1.07) + 2 (1.98) =21.02. 

Result: * 

y = 9.22 — 6.90 cos X + 3.45 cos 2 X + 3.30 cos 3 3: — 0.62 cos 4 x 
+ 0.60 cos $x + 0.25 cos 6 X + 21.08 sin x — 2.80 sin 2 x 
+ 1.98 sin 3 3: + 1.07 sin 4 X — 1.02 sin 5 x, 
or 

y = 9.22 + 22.18 sin {x — 18.12°) — 4.44 sin {2 x — 50.93®) 
+ 3.85 sin (3 ^ + 59-04°) + 1.24 sin {4X - 30.09'') 
— 1. 1 8 sin (5 :x; — 30.47°) — 0.25 sin {6x '- 90°). 

* The coefRcients of the fifth harmonic agree with those found by the direct process 
in Art. 88. The time and labor spent in the computation of all six harmonics by means 
of the above computing form is much less than that spent in the determination of the 
fifth harmonic alone by the direct process in Art. 88. 
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where 



The last result was obtained by using the relations 

ak cos kx + bk sin kx = Ck sin (Jkx + 0*), 

Ck = ^ak^ + 6*2 and 0* = tan-^^- 



(III) ^Twenty-four-ordinate scheme. — Given the curve and wishing to 
find the first 12 harmonics, i.e., the 24 coefficients in the equation 

y = Oq + ai cos x + 02 cos 2 x + - - - + an cos 12 :x; 
+ 61 sin jc + 62 sin 2 :x; + • • • + bn sin 11 x, 

we divide the interval from :x; = 0° to x = 360° into 24 equal parts and 
measure the ordinates at the beginning of each interval ; let these be repre- 
sented by the following tatle: 



X 


0° 


15' 


y 


yo 


yi 



30' 


45' 


• • • 


330' 


345' 


ya 


y* 


• • • 


ym 


ya 



If we use the same method as that employed in deriving the 12-ordi- 
nate scheme, we shall arrive at the following 24-ordinate computing form. 
This form is self-explanatory. 

Ordinates yo yi y^ ... yn 3^12 

3^23 3^22 ... y\% 



Sum 




fo 


Vl 


V2 




. . 


. 


Vn 




Vi% 


Diflf. 






Wi 


Wi 




. . 


. 


Wn 








I'D 


Vl 


. . 


. vs 


v» 




Wi 


TVi 


• • • 


Wf, 


We 




A. 


pi 




Vl 


/>» 




wn 


Wio 


• . . 


W-i 




Sum 


ri 


r2 


. . . 


n 


U 


Diflf. 


9o 


Si 


. • 


. 26 






Si 


S2 


• . • 


^6 








Po 


pi 


/>2 


P> 






Si 


^2 




Sz 






Pt 


pi 


/>4 
k 


h 






ss 


^4 






Sum 


kl 


ki 




kz 


Diflf. 




ifio 


Ifll 


ifh 








til 


W2 








k 


k 




9o 


-24 = 


to 




ri + 


rz — Ti 


> ^^ 


Ui 




k 


h 




3i — 2s 


-36 = 


h 






H - n 


( = 


«2 



go 



gl 



Multipliers 


Cosine terms 

\ 




Sine terms 




sin 30^ = 0.5 
sin 60° = 0.866 
sin 90° = 1.0 


^0 9i 


Tfli 

wio 


lo —h 


Mq Mi 


kl 


rii rh 


^i kt 


SUTTI of Ist col. 

Sum of 2d col. 
















Sum 
Difference 


24 ao 
24ai2 


12 08 

12aio 


12 04 

12 08 


12 06 


12 &8 

I2&10 


12 bi 

12 &8 


12 &6 
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Multipliers 


Cosine terms 


Sine terms 


sin 15** = 0.259 
sin 30** = 0.5 
sin 45** = 0.707 
sin 60** = 0.866 
sin 75** = 0.966 
sin 90** = 1.0 


9« 


ti 

to 


94 

-9« 
-9» 

96 

90 


ri 

u 

re 




n 

-r, 

re 


Sum of 1st col. 














Sum of 2d col. 






Sura 
Difference 


12 ai . 
12 an 


12 at 

12 09 


12 as 
12 aj 


12 6i 
12 6ii 


12 bt 

12 &9 


1265 
1267 



or 



Checks: yo = oq + ai + 02 + . . . + ai2. 

i (yi — 3^23) = 0.259 (61 + bn) + h (62 + 610) + 0.707 (bz + J9) 

+ 0.866 (64 + bs) + 0.966 (65 + W + fte. 
Result: 

y = ao + ai cos x + 02 cos 2 jc + . . . + ai2 cos 12 jc 
+ Ji sin jc + 62 sin 2 :x; + . . . + bn sin 1 1 :x;, 
y = Co + ^iSin(jc + <^i) +C2Sin(2:x; + <^) + • • • +Ci2Sin(i2JC+^). 



We shall now pass on to the evaluation of the coefficients when only 
the odd harmonics are present.* 

90. Numerical evaluation of the coefficients. Odd harmonics only.— 
Most problems in alternating currents and voltages present waves where 
the second half-period is merely a repetition below the axis of the first 
half-period; the cixis or zero line is chosen midway between the highest 
and lowest points of the wave (Fig. 86c). We have shown in Art. 86 that, 
in such cases, the trigonometric series contains only the odd harmonics. 
Furthermore, since the sum of the ordinates over the entire period is 

evidently zero, then Oo = - ^y = o, and the series does not contain the 

constant term oq. Again, since 

cos k {x? + t) = cos (kx + kw) = — cos kXf when k is odd, 
sin k (x + t) = sin (kx + kw) = — sin kx, when k is odd, 

and ^x+T = —yx, .'. >'x+T cos k (x + t) = y^ cos kx, 

and ^y cos kx has the same value over the second half-period as over the 

* T. R. Running, Empirical Formulas, p. 74, gives similar schemes with 8, 10, 16, 
and 20 ordinates, for waves having even and odd harmonics. H. O. Taylor, in the 
Physical Review, N. S., Vol. VI (1915), p. 303, gives a somewhat diflFerent scheme with 
24 ordinates for waves having even and odd harmonics. A very convenient computing 
form for the above scheme with 24 ordinates has been devised by E. T. Whittaker for 
use in his mathematical laboratory at the University of Edinburgh; see Carse and 
Shearer, ibid., p. 22. 
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dk 



= - ^y cos kXf bk = - ^y sin kx, 



first half. Hence in finding the coefficients we need merely carry the 
summation over the first half-period; thus, 

- y^y cos kxy bk = - 

where k is odd, x and y are measured in the first half-period only, and n 
is the number of intervals into which the half-period is divided. 

(I) Odd harmonics up to the fifth.-- Given the curve and wishing to 
detemiine the coefficients in the equation 

y=ai cos x+az cos 3 x+a^ cos 5 x+bi sin x+bz sin 3 x+bh sin 5 x, 

we choose the origin where the wave crosses the axis, so that when Xo = o, 
yo = 0, divide the half-period into 6 equal parts, and measure the 5 ordi- 
nates yu 3^2, yz, y\, y^- Thus we have 



X 



30^ 


60° 


90° 


120° 


yi 


3^2 


yz 


^4 



150' 



yh 

For the coefficients we have the following equations: 

3 Ci = yi cos 30® + y2 cos 60° + yz cos 90° + y^ cos 120° -f y^ cos 150**. 
3 fl3 = >'i cos 90° + 3^2 cos 180° + yz cos 270® + y^ cos 360° + yi cos 450°. 
3 as = 3^1 cos 150° + 3^2 cos 300° + yz cos 450° + y^ cos 600° -f y^ cos 750°. 
3 61 = 3^1 sin 30° -f 3^2 sin 60° + yz sin 90° + y^ sin 120° -f 3^5 sin 150°. 
3 63 = 3'i sin 90° + 3'2 sin 180° + yz sin 270° -f 3^4 sin 360° + 3^5 sin 450°. 
lh = yi sin 150° + 3^2 sin 300° -f 3/3 sin 450° +^3^4 sin 600° + 3^5 sin 750°. 

Simplifying and replacing the trigonometric functions by their values 
in terms of sin 30° and sin 60°; we may write 

3 ai = (3/2 - y^ sin 30° + (3^1 - y^) sin 60°. 

3 as = - (3'2 — y^ sin 90°. 

3 «6 = (3'2 — y^ sin 30° - {yi — 3^5) sin 60°. 

3 *i = (3^1 + yh) sin 30° + (3/2 + 3^4) sin 60° -f yz sin 90"^. 

3 &3 = (3'i - 3'3 + yb) sin 90°. 

3 *5 = (3^1 + yh) sin 30° - (3^2 + 3^4) sin 60° + yz sin 90°. 

We may conveniently arrange the work in the following computing 
form: 



yi 


yi y\ 


yh 


3^4 


Sum ^1 


^2 ^3 


Diff. di 


^ 


Checks: = ai 


+ as + a5. 


yz = bi 


- is + &5. 



Multipliers 


Cosine terms 


Sine terms 


sin 30** = 0.5 
sin 60° = 0.866 
sin 90** = 1.0 


di 

di 


-di 


Si 

Si 
Si 


Si Sj 


Sum of 1st col. 
Sum of 2d col. 










Sum 
Diff. 


3ai 
3 as 


3 as 


3 61 

3&6 


3&S 



Result: 

y = ai cos oc + as cos 3 :)c + as cos 5 :x; -|- 61 sin 3: + Js sin 3 :x; + 65 sin 5 x. 
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The following example will illustrate the rapidity with which the co- 
efficients may be determined. 

Example. We wbh to analyze the symmetric wave of F^. 90a, »,«,, 
to find the coefficients of the ist, 3d, and 5th hannonics. Choose the 
X-axis midway between the highest and lowest points of the wave, and 




the origin at the point where the wave crosses this axis in the positive 
direction. Then divide the half-period into 6 equal parts and measure 
the ordinates yi, . . . , y^. These are given in the following table: 



y I 10.7 I 2.8 I 20.5 I 26.5 I 16.6 
We arrange the work in the above computing form. 



10.7 
16.6 



2.8 20.5 
26.5 



Sum (j) 27.3 29.3 20.5 
Diif.(d)-5-9-23-7 



Check: ai + aj + as 



Multiplian 


CwineMnus 


SL«t«™ 




0.5 

0.866 

1.0 


-11.85 
-5,11 


23.7 


13.65 
25.87 

20.5 


27.3 20.5 


Sum of 1st col 
Sum ot 2d col 


-6.11 




34.15 
25.37 


20'5 


Sum 
Diff. 


-16-96 
-6.74 


23.7 


69.52 

8.78 


6,8 


Divide by 3 


a, =.-5.65 
a.— 2.26 


..-7.9 


b, -19.84 
b.= 2.93 


b,-2.27 


= -5-65 4 


7.90- 


2.2s = 


0. 







bi- bt+bt = 19.84 - 2.27 + 2.93 = 20.5 = > 
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Result: 

y = — 5.65 cos X + 7.90 cos 3 :x; — 2.25 cos 5 x 
+ 19.84 sin X + 2.27 sin 3 jc + 2.93 sin 5 x. 

(II) Odd harmonics up to the eleventh.— Given a symmetric curve and 
wishing to determine the coefficients in the equation 

y — aicosx + a3Cossx + • • • + an cos 11 x 
+ bismx'\'b3sinix + • • • +611 sin hoc, 



we choose the origin at the point where the wave crosses the axis, so that 
yo = 0, divide the half-period into 12 equal parts, and measure the 11 
ordinates yu ^2, • . . , yii. Thus we have 

165^ 



X 



15" 


30" 


45° 


• • • 


yi 


yi 


y* 


• • • 



J^n 



For the coefficients we have the following equations: 

6ai = yi cos 15® + y2 cos 30** + • • • + yu cos 165®. 
6az = yi cos 45*^ + ^2 cos 90° + • • • + yn cos 495®. 

• ••••••• 

6bi = yi sin 15° + 3^2 sin 30'' + • • • + yn sin 165**. 
6b3 = yi sin 45** + ^2 sin 90'' + • • • + yu sin 495**. 



If we arrange the ordinates in two rows, 



Sum 
Diff. 



yi 
yu 



yi 



yz 

3^9 



y4 

3^8 



y5 
yi 



yt 






^2 

d^ 



dz 



di 






d^ 



replace 

of I5^ 

6ai = 
6 (111 = • 
6a6 = 
607 =■ 
6bi « 

66u = 
666 = 

6&7 = 

60$ = 
609 = 

66a = 
669s 



the trigonometric functions by their values in terms of the sines 
30°, 45°, 60°, 75°, 90®, and collect terms, we may write 

ds sin 15^+^4 sin 30^+^3 sin 45°+d2 sin 60^+di sin 75®. 
"dssin 15^+^4 sin 30®— ds sin 45°+^ sin 60°— di sin 75®. 
di sin i5°+d4 sin io^—dz sin 45*^— ^2 sin 60^+^5 sin 75^ 
-Ji sin 15^+^4 sin 30^+^3 sin 45^—^2 sin 60^—^5 sin 75^ 
^1 sin 15^+^2 sin 30^+^3 sin 45^+54 sin 60** +^5 sin 75** +^6 sin 90®. 
^1 sin 15®— ^2 sin 30^+53 sin 45° — 54 sin 60** +^5 sin75**— ^6Sin90^ 
^6 sin 15^+52 sin 30**— 53 sin 45°— 54 sin 60® +^1 sin 75^+^6 sin 90^ 
^6 sin 15^—^2 sin 30^—^3 sin 45^+^4 sin 60° +^1 sin75®— ^6sin90^ 
(di — ds — dfi) sin 45° — d4sin90^ 

— (di — ds — ds) sin 45® — d4sin90^ 

(^1 + ^8 — ^5) sin 45^ + (^2 — sa) sin 90^ 

(^1 + ^« — Sh) sin 45° — (^a — St) sin 90®, 
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We may conveniently arrange the work in the following computing 
form: 

yi yi y» y* ys y» si + S3- Si = n 

yii yio y» ya y? ji - j« = ri 

- di~ di = d 



Sum 
Diflf. 



di - 



d2 dt di di 



Multiplieni 


CogiDS tsrmg 


SinaMnu 


sin 15° = 0.259 
ein30°-0.5 
Bin 45° = 0.707 
sin 60° = 0.866 
sin 75° - 0.966 
sin 90° = 1.0 


d. 


-d. 


-d, 

d. 


































Sum 
Difl. 


ss, 


6 a, 
6a, 


6 a. 

6 07 


6 6. 
S61, 


6 6. 
66. 


6 6, 
66, 



Oi + as + Is + Or + o» + flu = o, 
61 - *a + &5 - 67 + 6. - ill 



Result : y = Oi cos x + 03 cos 33;+- 
+ 61 sin a: + ftj sin 3 ar + ■ 




Fig. 906. 



Example. Fig. goi represents a half-period of an e.m.f, wave whose 
frequency is 60 cycles. We wish to find the odd harmonics up to the ilth 
order. Choose the a^-axis midway between the highest and lowest points 
of the complete wave and the origin at the point where the wave crosses 
the X-axis in the positive direction. Divide the half-period into is equal 
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parts and measure the ordinates yi, ^2 . • • f 3^11. These are given in 
the following table: 

165^ 



15° 


30° 


45° 


60° 


75° 


90° 


105° 


120° 


135° 


150° 


4 


21 


19 


27 


29 


33 


46 


38 


50 


30 



33 
We arrange the work in the above computing form. 

4 21 19 27 29 • 33 37 +69 - 75 = 31 = n 

33 30 50 38 46 51-33 = 18 = r% 

-29 + 31 + 17 = 19 = ^1 



SumsW 37 51 69 65 75 
Diff. (d) —29— 9— 31 — II — 17 



33 



Multipliers 


Cosine terms 


Sine terms 


0.259 

0.5 

0.707 

0.866 

0.966 

1.0 


-4.4 
-5.5 

-21.9 

-7.8 

-28.0 


13.4 
11.0 


-7.5 
-5.5 

21.9 

7.8 

-16.4 


9.6 

25.5 
48.8 

56.3 
72.5 

33.0 


21.9 
18.0 


19.4 

25.5 
-48.8 

-56.3 
35.7 

33.0 


SlITTI 1st col. 

Sum 2d col. 


-13.3 
-54.3 


11.0 
13.4 


2.3 
-2.0 


130.9 
114.8 


21.9 
18.0 


6.3 
2.2 


Sum 
Diff. 


-67.6 
41.0 


24.4 
-2.4 


0.3 
4.3 


245.7 
16.1 


39.9 
3.9 


8.5 
4.1 


Divide by 6 


ai =-11.27 
aii= 6.83 


a,= 4.07 
09= -0.40 


06=0.05 
07=0.72 


61 =40.95 
611= 2.68 


68=6.65 
6»=0.65 


66=1.42 
67=0.68 



+an = — 1 1 .27 + 4.07 + 0.05 + 0.72 — 0.40 + 6.83 = O, 
— 611 = 40.95 — 6.65 + 1.42—0.68+0.65 — 2.68 = 33.01=^6. 



Check: 

61 — 63+ • • 

Result: 

y = — ii.27cosJc + 4.07cos3x + o.o5cos5:x; + o.72cos7JC — o.40cos9ac 

+ 6.83 cos 1 1 X +40.95 sin jc + 6.65 sin 33c + i.42sin5ac 
+ 0.68 sin 7 3: + 0.65 sin 9 jc + 2.68 sin 1 1 x. 

(Ill) Odd harmonics up to the seventeenth. — Given a symmetric curve 
and wishing to determine the coefficients in the equation 

y = ai cos X + as cos 3 x + • • • + an cos 17 x 
+ 61 sin :x: + &3 sin 3 JC + • • • + 617 sin 17 x, 

we choose the origin at the point where the wave crosses the axis, so that 
yo = o, divide the half-period into 18 equal parts, and measure the 17 
ordinates yu 3^2, ... i yn* Thus we have 



X 


10° 


20° 


30° 


... 


170° 


y 


yi 


yi 


ys 


• • • 


yn 



If we use the same method as that employed in deriving the 11 -ordi- 
nate scheme, we shall arrive at the following 17-ordinate computing form. 
This form is self-explanatory. 
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yi 


y« 


ys 


yi 


ys 


y« 


yi 


yn 

« 


y9 


• 


yn 


yu 


yi6 


yi4 


yi9 


ya 


yn 


yio 




SuAi 


Si 


S2 


Sz 


^4 


S6 


St 


Sl 


Sz 


S9 


Diff. 


di 


d2 


dz 


di 


d. 


d» 


d7 


dz 






Sl 


St 


Sz 


n 




(k 


di 


-dz 


-ei 




S6 


Sa 


-Sg 


-rz 


• 


-d. 


-ds 




ez 




-S7 


-Ss 








—dz 


-dr 







Sum 



ri 



H 



rz 



Ta 



ei 



Ci 



ez 



Bi 



Multipliers 


Cosine terms 




Sine terms 




sin 10^ = 0.1737 


di 




-dt 


^4 




«i 




-«7 


-»6 




sin 20° = 0.3420 


di 




-d. 


di 




81 




— «4 


-s. 




sin 30° = 0.5000 


d. 


ei 


dt 


dt 




8z 


n 


8t 


—8i 




sin 40° = 0.6428 


d. 




di 


-di 




«4 




8% 


8t 




sin 50° = 0.7660 


di 




ds 


-dt 




8i 




»1 


«7 




sin 60° = 0.8660 


d. 


et 


-rf» 


"dt 




8t 


ri 


-«« 


H 




sin 70° = 0.9397 


dt 




-^4 


-ds 




«7 




-«» 


«i 




sin 80° = 0.9848 


d, 




di 


d. 




«3 




8i 


-«4 




sin 90° = 1.0000 




ei 






9a» 


^9 


ri 


8% 


— 8% 


u 


Sum of 1st col. 




















Sum of 2d col. 




















Sum 


9ai 


9 as 


9 at 


9 a? 


9 6i 


9 68 


9 6fi 


967 


9 6« 


Diflf. 


9ai7 


9ai6 


9ai8 


9 an 




9 6i7 


9 6i8 


9 6u 


9 6n 





Check: ai + ^3 + as + • • • + a^ = o, 

&1 — &3 + &5 — • • • + &17 = ^9. 

Result: y = di cos x -^ az cos 3 :x; + • • • + an cos 17 x 

+ 61 sin jc + &3 sin 3 X + • • • + 617 sin ii x- 

Similar computing forms may be constructed for symmetrical waves 
containing odd harmonics up to the seventh, ninth, etc., orders. 

91. Numerical evaluation of the coefficients. Averaging selected 
ordinates.'*' — We are to determine the coefficients in the trigonometric 
series 

3^ = Oo + ai cos jc + 02 cos 2 :x; + • • • + a* cos fejc + • • • 
+ 61 sin :x; + 62 sin 2 :x; + • • • + bk sm kx + • • • . 

Let an and bn represent the coefficients of any harmonic. We divide 
the period 2 tt into n equal intervals of width 2 ir/n and measure the ordi- 
nates at the beginning of these intervals. We have the table 



X 


Xq 


Xi 


X2 


• • • 


Xr 


• • • 


*n-l 


y 


3^0 


yi 


y2 


• • • 


yr 


• • • 


y—i 



* These methods have been developed by J. Fischer-Hinnen, Elekrotechnische 
Zeitschrift, May 9, 1901, and S. P. Thompson, Proc. of the Phys. Soc . of London, 
Vol. XXIII, 191 1, p. 334. See, also, a description of the Fischer-Hinnen method by 
P. M. Lincoln, The Electric Journal, Vol. 5, 1908, p. 386. 
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Substituting these pairs of values in our series, we have n equations 
of the form 

yr = (h+(ll cos Xr+a2 COS 2Xr+'''+ak cos kXr + * * * 

+ 61 sin Xr + 62 sin 2 Xr + • • • + br sin feXr + •• • • , 

where r takes in succession the values o, i, 2, 3, . . . , n — i; adding 
these n equations, we get 

2^ yr = noo+ai^cos Xr+ • • • +a*Vcosfexr+ • • • +bk^sinkxr+ • • • , 

where the summation is carried from r = otor = » — i. 

If we let j8 = fe — in the expressions for ^ cos (a + r0) and 

2) sin(a + rj8) derived in the note on p. 175, these become 

V / I L 2 7r\ sin^TT / , fe(»— l)7r\ . . , 

Xcosla+kr — 1= -; — 7T— T^cosiaH — ^^ ^— ) = 0, smce sm JfeTr = o, 

^ V w / sm {kT/n) \ ft I 

V • / I L 2 7r\ sin^TT . / , fe(»— l)7r\ . . , 

Zf^mxa+kr — 1= . ,, , . smiaH — ^ ^— 1 = 0, smce sm^7r=o, 

^ \ n / sm {kT/n) \ n / 

^cept when jfe is a multiple of n, for then both sin kw and sin (kT/n) are 
^u^l to zero and the fractional expression becomes indeterminate. But 
^^en jfe is a multiple of «, 

2^cosf a + kr — 1 = 2/COS (a + multiple of 2 tt) = 2/COS a = n cos a. 

^^sin (a + kr — 1 = 2)sin (a + multiple. of 2 tt) = 2/Sin a = » sin a. 

Hence we may state 

2jcos (a + kr — j = o, except when ^ = w, 2 w, 3 », . . . 

= n cos a, when ^ = », 2 «, 3 », . . . . 
^sinfa + kr — j = o, except when ^ = », 2 », 3 n, . . • 

= n sin a, when k = n, 2n, ^n 

2 T 

(i) If we start our intervals at :x:b = o, then Xr = r — , and 

n 

2)cos jfexr = 2/COs(o + kr — j = o, except when ^ = », 2 n, 3»» . • • 

= n cos o = », when fe = », 2 », 3 n, . ... 
2Jsin kxr = 2)^^^ lo + kr — ) = o, for all values of k, 

•*• 5jyr = n(h + nan + na^n + • • • = » (oo + o» + ct«» + as* + • • • )• 
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(2) If we start our intervals at Xo' = -, then iifr' = - + r — and 

It n n 

Vcos kxr = 2/Cos( fe- +fer — j = o except when fe = », 2 », 3 n, . . . 

jfe7rf = » when jfe = 2», 4«, 6», . . . 
» 1= — »when^ = », 3», 5», . . • 

Vsin fex/ = 2isinf fe — ykr — J= o for all values of k, 
:. 2/>' = woo — nan + na2n — nazn+ • • • 

Subtracting the second set of ordinates, y\ from the first set, y, 'we 
have 

^yr-^yr''=^(yr-y/)-yo-yo'+yi-yi+y2'-y2'+ • • • +3'*i-i-/n-i 

= 2 « (an + asn + 05n + * * ' ), 

• • +yn-i—y'f^i)' 



or an+azn+(ihn+ 



= — (^'o - V+^'i - yi' + 



The first set of n ordinates start at x = o and are at intervals of 2 t/^, 
and the second set of n ordinates, start, at x = r/n and are at intervals of 
2 w/n; thus, the period from 5c = otoJK; = 27ris divided into 2 n equal 
parts each of width w/n (Fig. 91a). Hence, 

Iff starting at x = o, we measure 2 n ordinates at intervals of r/n, the 
average of these ordinates taken alternately plus and minus is equal to the 
sum of the amplitudes of the nth, 3 nth, 5 nth, . . . cosine components. 




Fig. 91a. 

Thus, to determine the sum of the amplitudes of the 5th, 15th, 25th, 
. . . cosine components, merely average the 10 ordinates, taken alter- 
nately plus and minus, at intervals of 180*^ "^ 5 = 36®, or at o*^, 36°, 72^ 
. . . , 324® (Fig. 91c) ; therefore 

Cb + au + ai6 + • • • = A (^'O — 3^86 + 3^72 - 3^108 + yiU — 3^180 +yti6 

— y2Sl + 3^288 — 3^884)- 
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If the 15th, 25th, . . . harmonics are not present, then ' 

^6 = ^ iyo — y3» + yn — ym + ym — ym + ^216 — ^252 + ym — ysH)> 

(3) Similarly, if we start our intervals 3itxo = — , then Xr = — + r — , 

2n 2 ft It 

and 

2)cos kxr = 2)cos ik h kr — j = o for all values of k, 

Vsin kXr = "Ssin (k \- kr — ) = o except when fe = », 2 w, 3 », . . . 

^^ ' *^ \ 2-» n I 

= n when jfe = », 5 w, 9 », 



= n sm — 
2 n 



• • c 



= o when fe = 2 w, 4 », 6 », 
= — » when jfe = 3 w, 7», II », 



(4) Again, if we start our intervals at xo' = h - , then 

2 ft n 

2n n 

2jcosijc/ = 2jcosf jfe^ — \-kr — j= o for all values of k, 

2jsini3c/ = 2)sin(^— +fer — 1= o except when fe = «, 2«, 3», . . . 



. 3^^ 
2n 



= — »when&= », 5», 9«, . 
= owhen & = 2w,4«, 6», . 
= w when & = 3 », 7 «, 1 1 w, . 



Subtracting the second set of ordinates, y', from the first set, y, we 

have 

Xyr — 2>' ^'XG' "" 3^/) = J'O - ^'o' +3'l - ^'l' + • • • +yn-l — yn-'l 

= 2 W (bu — isn + hn — b7n+ ' ' ' ), 

or ftn-ftsn+ftsn — 67n+ ' ' • = -— 6'0-5'o'+5'l"->'l'+ * * * +3'n-l — ^''n-l) • 

2 7^ 

The first set of n ordinates start at 5c = 7r/2 w and are at intervals of 

2 x/n, and the second set of n ordinates start at 5c = h - and are at 

' 2n n 

intervals of 2 tt/w; thus the period from x = 7r/2 w to x = 2 tt + 7r/2 n 

is divided into 2 « equal parts each of width — Hence, 

//, starting at x = 7r/2 «, T£;e measure 2 n ordinates at intervals of ir/n, 
Oie average of these ordinates taken alternately plus and minus is equal to the 
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sum of the amplitudes, taken alternately plus and minus, 0} the nth, 3 nih, 
5 nth, . . , sine components. 

Thus to determine the sum of the amplitudes, taken alternately 
plus and minus, of the 5th, 15th, 35th, . . . sine components, merely 
average the 10 ordinates taken alternately plus and minus, at intervals 
of 180° -i- 5 - 36°, starting at a; - 180° -i- 10 = 18", i.e., at x = 18°, 
54^ 90°, . . ., 342° (Fig. 91c); therefore 

bt~bn + bu- ■ • ■ - A (yis - JM + yw - Jm + JM - yi»8 + Jn* 

- ym>-\-y»»- yva)- 

If the 15th, 2Sth, . . . harmonics are not present, then 

&i " h{yii — yu + yn — ym + ym — ym + ,v»m — ym-\-y*M— ys«). 

We may also note that the set of 2 n ordinates measured for deter- 
mining the 6's lie midway between the set of 2 n ordinates measured for 
determining the o's, so that to determine any desired harmonic we 
actually measure 4 n ordinates, starting at x => o and at intervals of 
t/2 n. We use the 1st, 3d, 5th, . ■ . of these ordinates for determining 
a, and the 2d, 4th, 6th, ... of these ordinates for determining; 6. 

If the higher harmonics are present, these must be evaluated first. 
The absolute term a« is obtained from the relation 
yo = oo + Oi + oi + as + • ■ • . 

We shall now illustrate the methods developed by an example. 

Example. Given the periodic wave of Fig. 89 and assuming that no 
higher harmonics than the 6th are present, we are to determine the co- 
efficients in the equation 

y = Oo + Oi cos X + Oj cos 2 x -f • ■ ■ -f a« cos 6 x 
+ &i sin X + Js sin 2 X + ■ ■ • -f A( sin 6 x. 

To determine at and 69 measure 12 ordinates at intervals of 30° be- 
ginning at X = 0° and x = 15° respectively (Fig. gii); then 
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a« = 



T?T (yo - y«o + yao - ^90 + • • • + ^'aoa - ym) 

^ (93 - 150 + 174 - 23.0 + 37.0 - 31.0 + 15.3 - 4.0 - 8.0 + 13.2 
— 14.2 + 6.0) = 0.25. 

tV (yw — yib + yn — ym+ • • • + ytu - yais) 
= tV (13-0 - 16.0 + 19.5 - 31.0 + 35.3 - 23.8 + 10.5 + 5.7 - 10.0 

+ 14.5 - ll;0 - 0.5) = 0.52. 



40tP 



6« = 




—50-^ 



Fig. gjc. 



To determine as and 65 measure 10 ordinates at intervals of 36®, 
beginning at 5c = o*^ and x = 18® respectively (Fig. 91c) then 

«5 = tV (yo — 3^86 + ^72 — yi08 + " ' * + ^288 — ^m) 

= tV (9-3-I5-3+I8.8-32.8+33.0-I5.3-I.O+9.5-I5.0+8.4) 
= —0.04. 

65 = T^F (^18 — ^54 + ^90 — ym + • • • + ydM — ^842) 

= T^ (13.8-I6.8+23.O-36.8+25.5-9.O-7.7 + I3.4-I3.2+I.5) 
= -0.63. 

40iT 




^20*- 



Fig. 91J. 
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To determine a^ and 64 measure 8 ordinates at intervals of 45°, be- 
ginning at jc = 0° and x = 22^° respectively (Fig. gid) ; then 

dA^" iiyo- yAn+yn — ym+ • • • +ym'- y^is) 
= 4 (93 - 16.0 + 23.0 - 35.3 + 15.3 + 5.7 - 13.2 + ii.o) = -0.03. 

&4 = 4 (3^22.6 — ^67.6 + ym.6 — • • • + yj92.6 — yiSl.b) 

= 4 (14-5 - 18.0 + 35.0 - 27.7 + 7.7 + 8.8 - 14.7 + 3.0) = 1.08. 

To determine aj and bz measure 6 ordinates at intervals of 60°, be- 
ginning at 5c = o and x = 30° respectively (Fig. 916); then 

fl| = 4 (yo — ^60 + ^120 — ^180 + 3^240 — ^80©) 

= 4 (9-3 - 174 + 370 - 153 - 80 + 14.2) = 3.30. . 

^ = 4 iy^ — yw-\- yiw — ^210 + ^27© — y^ao) 
= 4 (150 - 23.0 + 31.0 - 4.0 - 13.2 + 6.0) = 1.97. 

To determine (h and ^2 measure 4 ordinates at intervals of 90°, 
beginning at ^ = o*^ and x = 45*^ respectively (Fig. 916) ; then 

a2 + aii = l{yo- yw + yiso -yiio) =4 •(9-3 - 23.0 + 15.3 + 13.2) = 3.70, 
.*. (h = 345- 

&2 - &6 = 4 (>'46 - y\zb + ym - yzib) = 4 (16.0 - 35.3 - 5.7+11.0) = -3-50, 

/. 62 = — 2.98. 

To determine ai and 61 measure 2 ordinates at intervals of 180°, 
beginning at ^ = o*^ and x = 90*^ respectively (Fig. 916); then 

ai + az + as = i (yo - ym) = 4 (9-3 - i5-3) = -3-oo» •*• cli = -6.26. 
bi - bz + h = 4 (3^90 - ^270) =4 (23-0 f 13.2) = 18.10, .-. bi = 20.60. 

To determine Oq we have 
ao + ai+ 02 + az + a^ + as+ an = yo = 9.3, /. Oq = 8.63. 

Result: 

y = 8.63 — 6.26 cos ^ + 345 cos 2 ^ + 3.30 cos 3 ac — 0.03 cos 4 x 
— 0.04 cos 5 ^ + 0.25 cos 6 jc + 20.60 sin ac — 2.98 sin 2 x 
+ 1.97 sin 3 X + 1.08 sin 4 ac — 0.63 sin 5 ^ + 0.52 sin 6 x. 

This result agrees quite closely with that of Art. 89, p. 184; the differ- 
ences in the values of the coefficients are due to the fact that by the 
method of Art. 89 only the ordinates at o*^, 30®, 60*^, . . . , 330° are used, 
whereas by the method of this Art. a large number of intermediate ordi- 
nates are used. If the curve is drawn by some mechanical instrument, 
the present method will evidently give better approximations to the 
values of the coefficients; but the labor involved in using the computing 
form on p. 183 is much less than that used in measuring the selected 
ordinates above. 

92. Numerical evaluation of the coefficients. Averaging selected 
ordinates. Odd harmonics only. — If the axis is chosen midway between 
the highest and lowest points of the wave and the second half-period is 
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a repetition below the axis of the first half-period, then only the 
■monies are present. If the ordinates at x = av and a: = Jt, + t 
ignated by y, and yr+r respectively, then yr+w = ~yr- In the 
of averaging selected ordinates, the 2 n ordinates are spaced at ■ 
Is of ir/w and are taken alternately plus and minus; then y,^^ is 
tance v = n (jt/k), or « intervals, from y,, and since » is odd, yr+w 
!ur in the summation with sign opposite to that with which y, 
so that, e.g. 
«+ ■ ■ ■ = 

[yo-yi + ■ ■ ■ ±y, ■ ■ ■ -ya^+ yi^' - ■ - ■ t j,+, . . . 1 



= - (yi> ~ yi + ■ 



■ ±> ■ ■ 



■ ). 



we need merely divide the half-period into n equal intervals and 

! n ordinates. We may therefore restate our rules for determining 

fficients if the wave contains odd harmonics only. 

starting at x = o, we measure n ordinates at intervals of v/n, the 
of these ordinates taken alternately plus and minus is equal to the 
the amplitudes of the nth, 3 nth, 5 nth, . . . cosine components. 

starting at x = x/2 n, we measure n ordinates at intervals of -r/n, the 
of these ordinates taken alternately plus and minus is equal to the 
the amplitudes, taken alternately plus and minus, of the nth, 3 ntk, 

. . . sine components. 

■thermore, 00 = since ike sum of the ordinates over the entire period 




nple. Assuming that the symmetric wave of Fig. 92 contains no 
harmonics than the 5th, we are to determine the ist, 3d, and 5th 
lies. Applying the above rules we have 



\'cri'-.ssc 
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= J (o — 8.6 + 6.3 — 27.7 + 19.0) = —2.20. 

^6 = 1 (yis-yii+yw-ym+yi(ad=^ i(ii.3-2.7+20.5-25.5+io.7) = 2.86. 

flti = J Cvo - yw + yvao) = i (o - 2.8 + 26.5) = 7.90. 
6« = J Cvm - yw + yi5o) = i (10.7 - 20.5 + 16.6) = 2.27. 

ai + as + a5 = i O^o) = o, /. d = -570. 

fti - fts + 65 = 1 CVw) = 20.5, /. fti = +19.91- 

Result: 

y = —5.70 cos X + 7.90 cos 3 JC — 2.20 cos 5 x 
+ 19.91 sin X + 2.27 sin 3 X + 2.86 sin 5 x. 

We may compare this result with that obtained for the same curve 
by the use of the computing form on p. 187. 

If only the ist and 3d harmonics had been present in the above wave, 
we should have 

az = I {yo - yeo + ym) ; 63 = i (yn - y9o + yvso); 

ai+az=' yo = o; Ji - 63 = yw- 

If all the odd harmonics up to the ninth had been present in the above 
wave, we should have 

flh) •= 4 (yo — ^20 + 3^40 — yeo + ^80 — ym + ym — ym + ym) ; 
*9 = 4 (yio — ^'ao + ^60 — 3^70 + 3^90 — ym + ^lao — ym + ym) ; 

^7 = 1 (yo — ^26.71 + 3^51.43 — ^77.14 + ^'KW.SG — ^128.57 + ^164.29) ; 
*7 = I iyi2.W — 3^38.57 + 3^64.29 — 3^90 + 3'n6.71 — 3'l41.43 + 3'l67.14) ; 
C^6 = i (3^0 — 3^36 + 3^72 - 3^108 + 3^144) ; ^5 = i (3'l8 - 3^64 + 3^90 — ^IJ* + ^w) *' 

(h + (h = l{yo-' yw + ym) ; *3 - 69 = i {y^ - 3^90 + ym) ; 

ai + as + as + a7 + 09 = 3^0 = o; 61 — J3 + is — 67 + 69 = 3^90- 

Similar schedules may be formed for determining the odd harmonics 
up to any order. 

93. Graphical evaluation of the coefficients. — Various graphical 
methods have been devised for finding the values of the coefficients in 
the Fourier's series, but these are less accurate and much more laborious 
than the arithmetic ones. The graphical methods, while interesting, are 
of little practical value in rapidly analyzing a periodic curve, so that we 
shall describe here only one of these methods — the Ashworth-Harrison 
method.* 

If, for example, we divide the complete period into 12 equal intervals 
and measure the 12 ordinates, we shall have the table 



X 


0*^ 


30^ 


60*^ 

3^2 


90° 

3'3 


120*" 


150^ 


180° 


210*" 


240"* 


270^ 


300° 


330° 


y 


3^0 


yi 


3^4 


3^6 


3'6 


3^7 


3^8 


I 3^9 


yio 


yu 



• Electrician, Ixvii, p. 288, 191 1; Engineering, Ixxxi, p. 201, 1906. Other methods 
are briefly mentioned and further references are given in Modem Instruments and 
Methods of Calculation, a handbook of the Napier Tercentenary Celebration. 
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Lve already shown (p. i8i) that 

= ^yr cos Xr = ^0 COS 0° + ^i COS 30° + • • • + yn cos 330®, 

= 2/> sin Xr = yo sin o'' + yi sin 30*" + . . . + yu sin 330®. 
ivident that if we consider the y's as a set of co-planar forces 



30^ 60^ 



, the sum of 



from a common center at angles o 
ontal components is equal 
id the sum of the vertical 
Its is 6 bu To facilitate the 
: these sums we may draw 
on of forces, starting at a 
ind laying off in succession 
ates, each making an angle 
th the preceding, as in Fig. 
)er regard must be had for 
> of the ordinates). The 
)f forces may be constructed 
Dy means of a protractor 
an ordinary measuring scale 
: diameter. Then, OA, the 
a of the resultant OP on the 
J, is equal to 6 ai, and OBy 
ction of the resultant OP on 
:al , is equal to 6 61. Further- 
we write ai cos ^ + &i sin x 
(x + 0i), then the length 
6 Ci and the angle POB is 0i. In Fig. 93a we have made the 
ion for the determination of ai, bu Cu and ^1 for the periodic 
iwn in Fig. 89 using the table of ordinates on p. 184. We find 

= 6ai = —414, OB = 6bi = 126.0, OP = 6ci = 134, 

Z POB = «i = -18.1°; 




-00 



= —6.9, ^1 = 21.0, Ci = 22.3, 01 = — i8.i^ 

lults agree very closely with those obtained on p. 184. 
lay find 02 and 62 by laying off in succession the ordinates, each 
n angle of 60° with the preceding; we proceed similarly in finding 
coefficients. A separate diagram must be drawn for each pair 
ients. 

generally, if we divide the complete period into n equal intervals 
2 w/n and measure the n ordinates, then (p. 177) 
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+yn-i COS k 
+yn-i sin k 



2(n — l)ir 
n • 

2 (» — l)ir 

— ^— — ^^■^^— ^^^— • 



- ak=^yrCoskXr=yoCoso+yicoskl—]+ • • 

- i* = 5J> sin kxr = ^^0 sin o+yi sin jfe f — J + • • 

Hence, if we construct the polygon of co-planar forces by starting at a 
point and laying off in succession the ordinates, each making an angle 

2 kw/n with the preceding, then OAy 
the projection of the resultant OP 
on the horizontal, is equal to na*/2, 
and OB, the projection of the result- 
ant OP on the vertical, is equal to 
nbk/2y except when & = o or fe = w/^, 
when we get the values noo, nbo, 
nan/2, nbn/2t respectively. Further- 
more, the length of OP is n/2 (or n) 





Fig. 936. 



Fig. 93c. 



times the amplitude Ck and the angle between OP and OB gives the phase 
4>k of the complete harmonic Ck sin {kx + ^*). 

Example, Analyze graphically the periodic curve in Fig. 866. 

As in the example on p. 181, we shall find the first three harmonics 
from the data 



X 



o' 



0.47 



60* 



1.77 



Here 



6ao = yo+ yi + • • 
6az = yo — yi + • • 
3ai = OA (Fig. 936) 
3 61 = 05 (Fig. 93&) 
3 ci = OP (Fig. 936) 
3 a« = 0.4 (Fig. 93c) 
3 62 = 05 (Fig. 93c) 
j^ct^ OP (Fig. 93c) 



120° 


180*" 




240*" 


2.20 


— 2.20 




-1.64 


+ >'5 = 


o.ii; 


Oo = 


0.02. 


- ^'B = 


1.95; 


az = 


0.33. 


^ 


3.09; 


ax = 


1.03. 


= 


5.35' 


; ii = 


1.78. 


^ 


6.25 


; ci = 


2.08, 


^ - 


-2.67 


; 02 = 


—0.89. 


^^^ 


-1.35 


; 62 = 


-0.45. 


ss 


3.00 


; ^ 


= 


1. 00, 



300 



-0.49 



*1 = 30' 



^ 



60' 
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Result: 

y — 0.02 + 1.03 cos X — 0.89 cos 2 X + 0.33 cos 3 x 
+ 1.78 sin X — 0.45 sin 2 x 
= 0.02 + 2.08 sin (x + 30°) + sin (2 x — 60*^) — 0.33 sin {sx — 90"^). 

Note the close agreement of this result with that obtained by the 
arithmetic method on p. 181. 

94. Mechanical evaluation of the coefficients. Harmonic analyzers. 
— A very large number of machines have been constructed for finding 
the coefficients in Fourier's series by mechanical means. These instru- 
ments are called harmonic analyzers. The machines have done useful 
work where a large number of curves are to be analyzed. Among these 
analyzers we may mention that of Lord Kelvin,* Henrici,t Sharp, J Yule,§ 
Michelson and Stratton,|! Boucherot,1[ Mader,** and Westinghouse.tt 
We shall briefly describe the principles upon which the construction 
of two of these instruments depend.JJ 

The harmonic analyzer of Henrici. This is one of a number of ma- 
chines which use an integrating wheel like that attached to a planimeter 
or integrator §§ to evaluate the integrals occurring in the general expres- 
sions for the coefficients 

00 = — / y dxy a* = - / y cos kx dx, bk = - I ysin kx dx 

2 TT t/ Tf UO TTt/o 

given on p. 174. 

If the curve in Fig. 94a represents a complete period of the curve to 
be analyzed, then evidently 



/ 

t/O 



2x 

ydx = area OABCDBO; 





so that, if the tracing point of a planimeter is allowed to follow the curve 
OABCDBO, the integrating wheel will give the reading 2 ttOo, from which 
Oo may be computed. 

* Proc. Roy. Soc., xxvii, 1878, p. 371; Kelvin and Tait's Natural Philosophy. 

t Phil. Mag., xxxviii, 1894, P* ^^^' 

% Phil. Mag., xxxviii, 1894, p. 121. 

§ Phil. Mag., xxxix, 1895, p. 367; The Electrician, March 22, 1895. 

II Phil. Mag., xlv, 1898, p. 85. 

If Morin, Les Appareils d' Integration, 1913, p. 179. 

** Elektrotech. Zeit., xxxvi, 1909; Phys. Zeit., xi, 1910, p. 354. 
tt The Electric Journal, xi, 1914, p. 91. 

tt Brief descriptions of all but the last of these may be found in Modern Instruments 
and Methods of Calculation, a handbook of the Napier Tercentenary Celebration, 1914. 
§§ For the principle of the planimeter and integrator, see pp. 246, 250. 
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Integrating by parts, we may write 



-If'y 

I r- . 

■= I rsi 



coskxdx= 



T-^^sinJfejc "~T"/ sinkxdy=—-r2 1 smkxdyt 



ysinkxdx = 



— -r-ycoskx 



2 IT 



+ ^/ COS 



^'"^y-'hr 



coskxdy. 



r 




>A\ 






r 


-^ 


y — 












Now if the planimeter carries two 
integrating wheels whose axes make at 
each instant angles kx and 7r/2 - Vt 
with the >^-axis, and the point of inter- 
section of these axes is capable of 
moving parallel to the >r-axis, then as 
'^' ^^' the tracer point passes around the 

boundary OABCDBO, these wheels give readings proportional to 

I sin kx dy and I sin f kx) dy = j cos kx dy, 

from which the values of a* and bk can be found. 

In one form of the instrument the curve is drawn on at horizontal 
cylinder with the y-axis as one of the elements. A mechanism is attached 
to a carriage which moves along a rail parallel to the axis, by means of 
which a tracer point follows the curve while the cylinder rotates; the 
mechanism allows the axes of the integrating wheels to be turned through 
an angle kx while the cylinder ro- 
tates through an angle x. Coradi, 
the Swiss manufacturer, has per- 
fected the instrument so that sever- 
al pairs of coefficients may be read 
with a single tracing of the curve. 

r 




3eo°x 




Fig. 94^, 



Fig. g^c. 



The Westinghouse harmonic analyzer. — -This machine, constructed 
by the Westinghouse Electric and Mfg. Co., is particularly useful in 
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analyzing the alternating voltage and current curves represented by a 
polar or circular oscillogram. 

Fig. 946 gives one period of a periodic curve drawn on rectangular 
coordinate paper. In Fig. 94c, the same curve is represented on polar 
coordinate paper. This is done by constructing a circle of any convenient 
radius, called the zero line or reference circle and locating any point P 
by the angle d = x and the radial distance r = y from the zero line. Thus 
the points marked P, A, and B in Figs. 94J and 94c are corresponding 
points.. If only the odd harmonics are present, the second half-period 
of the curve in Fig. 946 will be a repetition below the 5c-axis of the first 
half -period; in this case, the diameters at all angles of the curve in Fig. 94c 
will be equal, and equal to the diameter of the reference circle. The re- 
lation between r and B, 

r = f{B) = ai cos ^ + 02 cos 2 ^ -f • • • + a* cos jfe^ + • • • 
-f- Ji sin ^ -f &2 sin 2 ^ 4- • • • +bkSmkB -\- • • • , 

is the function to be analyzed. This is done as follows. 

The circular record of the periodic curve, drawn by hand from the 
rectangular record or directly by the circular oscillograph,* is transferred 




Fig. 94(/. 



to a card of bristol board and a template is prepared by cutting around 
the curve. In the initial position the template M (Fig. 94^) is secured 
on a turntable T so that the axis ^ = o lies under the transverse cross-bar 
jB. The turntable is set on a carriage D which slides on the rails L. The 

* The Electric Journal, xi, 19I'* " ^62. 
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carriage is given an oscillatory motion by the motion of a crank-pin P 
(Figs. 94^, 94/) attached to a rotating gear G and sliding in a transverse 
slot 5 on the bottom of the carriage. The carriage thus has a simple 
harmonic motion whose amplitude is the crank-pin radius jR. By means 
of a crank and a simple arrangement of gears, the carriage makes k com- 
plete oscillations while the template makes one revolution, when deter- 
mining the jfeth harmonic. 



r^r^^^r^^ P 




.p^-^ r^„ p 




Fig. 94^. 



Fig. 94/. 



The cross-bar B is attached to the oscillating carriage; this bar carries 
a pin C held in contact with the edge of the template by means of springs, 
so that the bar has a transverse motion as the template revolves. Re- 
ferred to a pair of axes xx and yy, the motion of the end of the bar, 
Q{Xyy), may be said to consist of two components, viz., the transverse 
motion of the bar, x = r = /(^), the function to be analyzed, and the 
simple harmonic motion of the carriage, 

{i) y = R sin kS or {2) y = R sin IkB - -1 = -i? cos JW, 

according as the carriage is started with the slot S in the dotted position 
of Fig. 94e or of Fig. 94/. A planimeter is attached with its tracing point 
at Q. This point then describes compound Lissajous figures whose areas 
Ai and A2 may be read from the integrating wheel of the planimeter. 

dy dy 

Now from {i), -^ = Rk cos kd and from (2) -^ == Rk sin JW, hence 

I xdy=^ I rRkcoskedd = Rk I r cos kS dO = Rkrajt, 

Jo Jo 

rx 1 r2ir f*2r 

xdy= I rRksinkede = Rk I r sin kd dO ^ Rkwbk, 
I Jo Jo 

using the formulas for a* and 6* on p. 174. * 



Therefore 



a* = 



Rkir' 



bk = 



Rkv 



Gears are provided to analyze for all even and odd harmonics from I 
to 50, and the shifting of the gears is a very simple matter. 
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EXERCISES. 



1. Sketch the periodic curves 

y = 2 cos x; y = cos 2 x; y = 2 cos x + cos 2 x.' 

2. Sketch the periodic curves 

y = I + sin x; y = — } sin 2 x; y = i sin 3 x; 
y = I + sin X — i sin 2 X + i sin 3 X. 

3. Sketch the periodic curves 

y = 2 sin (x — 40.5°); y = sin (2 x + 72.3°); y = } sin (3 x — 90"); _ 
y = 2 sin (x — 40.5**) + sin (2 x + 72.3**) + i sin (3 x — 90**). 

4. Sketch the periodic curve 

y = cos X + 0.4 cos 3 X + 0.5 sin x — 0.5 sin 3 x. 

5. Sketch the periodic cur>^e , 

y = cos X + 0.4 cos 3 X — 0.2 cos 5 x + 0.5 sin x — 0.5 sin 3 x — 0.3 sin 5 x. 

6. By use of the formulas on p. 177 and the direct method illustrated on p. 179, 
etermine the coefficients of the third and fourth harmonics of the periodic curve in 
'ig. 89; use the table of ordinates on p. 179. 

7. Determine the first three harmonics of the periodic curve given by the following 
ata; use the computing form on p. 180. 



X 


0** 


60° 


120** 


180*' 


240** 


300** 


y 


-0.85 


0.95 


0.72 


2.75 


-1.37 


—2.20 



8. Determine the first six harmonics of the periodic curve given by the following 
ata; use the computing form on p. 183. 



X 



0° 


30^ 


60** 


90» 


120** 


150^ 


180*' 


210** 


240** 


270** 


300** 


-18 


-39 


-39 


-8 


22 


22 


II 


10 


14 


12 


15 



330° 

— I 

9. Determine the first twelve harmonics of the periodic curve given by the following 
ata; use the computing form on p. 185. (The curve is a graphical representation of the 
iurnal variation of the atmospheric electric potential gradient at Edinburgh during the 
ear 1912.) 



X 


0** 


15^ 


30** 


45** 


60** 


75^ 


90^ 


105^ 


120** 


135^ 


150** 


165** 


y 

X 


-18 
180** 


-30 

195** 


-39 
210** 


-41 

225** 


-39 
240** 


-32 
255^ 


-8 
270** 


II 

285** 


22 

300° 


24 
315^ 


22 
330^ 


20 

345** 


y 


II 


3 


10 


16 


14 


12 


12 


18 


15 


9 


— I 


-7 



10. Devise computing forms for determining the even and odd harmonic coefficients 
sing 8 and 16 ordinates respectively. 

11. Determine the odd harmonics up to the fifth for the symmetric periodic curve 
iven by the following data; use the computing form on p. 187. 



•0^ 


30^ 


60° 


90» 


120** 


150** 





676 


660 


940 


1004 


554 



12. Determine the odd harmonics up to the fifth for the symmetric periodic curve 
rom which the following measurements were taken; use the computing form on p. 187. 



X 



0** 


30^ 


6o« 


90^ 


120** 





4 


9.5 


9 


3 



150* 
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13. Determine the odd harmonics up to the eleventh for the symmetric periodic 
curve from which the following measurements were taken; use the computing form on 
p. 190. 

165'' 



0° 


IS** 


30'' 


45'' 


60° 


ys** 


90° 
27 


105'' 


120° 


135'' 


ISO'' 





14 


33 


52 


60 


40 


30 


15 


18 


6 



14 

14. Determine the odd harmonics up to the seventeenth for the symmetric periodic 
curve from which the following measurements were taken; use the computing form on 
p. 192. 

- 90" 



X 


0° 


10° 


20° 


30° 


40° 


50° 


60° 


70° 


80° 


y 





5 


9 


21 


20 


21 


27 


30 


29 



33 



100° 


110° 


42 


44 



120° 


130° 


140° 


ISO** 


160' 


38 


46 


45 


30 


31 



170' 

29 



15. Determine the first three harmonics for the periodic curve from which the fol- 
lowing measurements were taken; use the method of selected ordinates in Art. 91; 
assume that all higher harmonics are absent. 

240° I 270" 



X 


0° 


30'' 


45'' 


60° 


90° 




120° 


135° 


ISO** 


180° 


210° 


225° 


y 


1 0.0 


5.0 


5-3 


7.2 


6.0 

X 




-6.8 
300 


— 10.9 
315 


" 


8.9 1 0.0 
330 


18.5 


10.7 




y 




-173 


-4.; 


r 


5 


.1 





-3.4 1-25.9 ! 



16. Determine the first three harmonics for the periodic curve drawn in Fig. 866; 
use the method of selected ordinates in Art. 91. 

17. Determine the first six harmonics for the periodic curve drawn in Fig. 89; use 
the method of selected ordinates in Art. 91 ; assume that all higher harmonics are 
absent. 

18. Determine the first and third harmonics for the symmetric periodic curve given 
by the following data; use the method of selected ordinates in Art. 92; assume that all 
higher harmonics are absent 

150* 



0° 


30^ 


60° 


90° 


120° 





62.9 


66.5 


22.4 


14.9 



33.3 

19. Assuming that the harmonics higher than the fifth are negligible, determine tfe* 
odd harmonics of the symmetric periodic curve from which the following measuremei«."t8 
were taken; use the method of selected ordinates in Art. 92. 



X 


0° 


2>o^ 


60° 


90° 


120° 


150* 


y 





676 


660 


940 


1004 


554 



X 


0° 


18° 


y 





470 



36° 


54° 


719 


678 



72'' 


90° 


108° 


126° 


1440 


162* 


702 


940 


1086 


920 


639 


375 



20. Use the method of selected ordinates in Art. 92 to determine the ninth harmo^3*c 
of the curve given by the table in Ex. 14. 

21. Analyze graphically the curve in Ex, 7, 



CHAPTER VIII. 
INTERPOLATION. 

95. Graphical Interpolation, — Having found the empirical formula 
connecting two measured quantities we may use this in the process of 
interpolation, i.e., in computing the value of one of the quantities when 
the other is given within the range of values used in the determination of 
the formula. It is the purpose of this chapter to give some methods 
whereby interpolation may be performed when the empirical formula is 
inconvenient for computation or when such a formula cannot be found. 

Let the following table represent a set of Corresponding values of two 
quantities 

X Xo Xi X2 Xs ... X, 



Xo 


Xi 


X2 


Xz 


• • • 


yo . 


yi 


y2 


ys 


• • • 



yn 

where y is a known or an unknown function of x. Our problem is to find 
the value of y = y* for a value oi x = Xk between ocq and Xn- 

A simple graphical method consists in plotting the values of x and y 
as coordinates, drawing a smooth curve through or very near the plotted 
points, and measuring the ordinate yk of the curve for the abscissa x*. 
The value of yk thus obtained may be sufficiently accurate for the purpose 
in hand. Thus from the cilrve in Fig. 726, we read / = 10, ^4 = 77.0, and 
^ = 30, i4 = 45.0. If we use the empirical formula derived on p. 133, 

A = loo.i e-^0265<^ or log -4 = 2.0005 ~ 0.0115/, 

we compute / = 10, ^4 = 76.8 and / = 30, 4 = 45.2. By comparison 
with the table on p. 132 we note that the measured values of ^4 for ^ = 10 
and / = 30 agree about as closely with the computed values as the neigh- 
boring observed values agree with their corresponding computed values. 
Here, the last significant figures in the values of A were used in construct- 
ing the plot. 

On the other hand, in Fig. 71c, we read i; = 40, /> = 10.00, whereas 
the empirical formula on p. 131 gives v = 40, p = 9.42. The residual 
is 0.58, much larger than the residuals in the table on p. 130 for neighbor- 
ing values of v. Here, the plot was constructed without using the last 
significant figures in the values of the quantities. It is of no advantage 
to construct a larger plot since the curve between plotted points is all 

the more indefinite. 

209 



2IO 



INTERPOLATION 



Chap. VIC 



For most problems the arithmetic or algebraic methods to be explaineczzs 
in the following sections give much better results. 

96, Successive differences and the construction of tables. — Given as. 
series of equidistant values of x and their corresponding values of y, 



X 



Xo 

Xo 



yo 



Xi 

Xo + h 



yi 



X2 

oco + 2h 


Xo + 3h 


• • • 

• • • 


Xn 

Xo + nk 


y2 


yi 


• • • 


yn. 



we define the various orders of differences of y as follows: 

1st difference = A^: Oo = yi - yo, ai = 3^2 - yii • • • 1 fltn-i= yn - yn-\\ ^ 
2d difference = A^: 60 ^ cti — aoi 61 = ^2 — cti, . . . , 6n-2= fltn-2 — «n-K: - 
3d difference = A*: c© = 61 — . 601 ^1 = 62 — 61, ... 1 ^n-8= 6n-8— Jn-^^ 

jfeth difference = A*:feo = Jo — Ji, ki = J2 — ji, . . . . 
These may be tabulated as follows: 



Xi 
Xi 
Xt 
Xi 



Xo 

xo + h 
Xo + 2 h 

«o + 3 A 
X4 +^h 



Xn-l = Xo + (» - i) A 

Xn = 3Co ~h ^A 



At 



AS 



A« 



A« 



Al.. 



yz 
y* 



Oo 

ai 



bo 

h 



Co 
Ci 



do 






yn-i 
yn 



fltr»-l 



where a quantity in any column of differences is written between two 
quantities in the preceding colupin and is equal to the lower one of these 
minus the upper one. 

We may apply the above definitions in the formation of the differences 
of y when y = S{x) ; thus, 

Ay = f(x + A) - S{x) = A/(^) ; A^y = ^f{x + A) - ^f{x) = ^f{x)\ 
etc. E.g., if 

y = oc^ — 2 jc + 2, Ay = [{x + hy — 2 {x + h) + 2] — [x? — 2 x + 2] 

= 2hx+ (h^ - 2h); 
A2y = [2h{x+h) + Qi^ - 2/t)] - [2hx+{h^ - 2A)] 

We note that A^y = 2 A^, so that the second differences are constant for 
ail values of x. 
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Similarly, if y = x** where » is a positive integer, 



• • • 



I? 



- «• 



A*y = ["»»(* + A)"-iA + "^" ^^ (x + A)»-W + • • • 1 



- r»x-'A + — ly^^ «"-*** + • • • 1 



• • • 



= «(n- i)3C'*-2A2 + 
A*y = « (» — i) (« — 2) ot^-'A' + 



A"y= « (« — i) (n — 2) . . . 3 • 2 • I A* = [w/t**; 

hence the nth differences of jc*, where n is a positive integer, are constant, 
and hence the »th differences of any polynomial of the nth degree 



Ax"" + jBjc~-i + Cx""-^ + 



+ KX + L, 



where n is a positive integer, are constant. If in forming the differences 
of a function some order of differences, say the nth, becomes approxi- 
mately constant, then we may say that the function can be represented 
approximately by a polynomial of the nth degree, where n is a positive 
integer. 

The formation of the differences for various functions is illustrated 
in the following tables: 





(I) 


y = «* 






X 


y 


Ai 


A* 


■ A» 


I 


I 


7 






2 


8 


19 


12 


6 


3 


27 


37 


18 


6 


4 


64 


61 


24 


6 


5 


125 


91 


30 


6 


6 


2I6 


127 


36 


6 


7 


343 


169 


42 


6 


8 


512 




48 




/ 




217 






9 


729 











(2)y 


= «» 




X 


y 


Al 


AS 


5.16 


137.39 


4.03 




5.21 


141.42 


4.II 


0.08 


526 


145.53 


4.19 


0.08 


5.31 


149.72 


4.27 


0.08 


536 


153.99 


4.35 


0.08 


541 


158.34 


4.43 


0.08 


5.46 


162.77 


4.51 


0.08 


5.51 


167.28 


4.60 


0.09 


5.56 


171.88 
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(3)y = 


^ 




X 


y 


Ai 


AS 


20 


2.7144 


445 




21 


2.7589 


431 


-14 


22 


2.8020 


419 


— 12 


23 


2.8439 


406 


-13 


24 


2.8845 


395 


— II 


25 


2.9240 









(4) y = ^ 




X 


y 


Ai 


611 


8.4856 


46 


612 


8.4902 


46 


613 


8.4948 


46 


614 


8.4994 


46 


615 


8.5040 


46 


616 


8.5086 





(5) 


Train-resistance 




V 




R 


• 




speed in 


resist, in lbs. 


A« 


A« 


mi. per hr. 




per ton 






20 




5.5 


3.6 




40 




9.1 


5.8 


2.2 


60 




14.9 


7-9 


2.1 


80 




22.8 


10.5 


2.4 


100 




33.3 


12.7 


2.2 


120 




46.0 









(6) Speed of a vessel 




V 
speed in 
knots per hr. 


I 

horse-power 


A» 


AS 


A» 


8 


1,000 


400 






9 


1,400 


500 


100 





10 


1,900 


600 


100 


50 


II 


2,500 


750 


150 


50 


12 


3,250 


950 


200 


50 


13 


4,200 


1200 


250 


100 


14 


5,400 


1550 


350 


100 


15 


6,950 


2000 


450 


50 


16 


8,950 


2500 


500 




17 


11,450 









(7) y = log X 




X 


y 


A» 


500 


2.6990 


8 


501 


2.6998 


9 


502 


2.7007 


9 


503 


2.7016 


8 


504 


2.7024 


9 


505 


2.7033 


9 


506 


2.7042 





I'' o' 



I°I0' 



I'' 20' 



I'' 30' 



i°40' 
i°50' 



2^ o' 



(8) y = 


log sin X 






y 


A» 


AS 


A* 


8.2419-10 


669 






8.3088-10 




-89 




' 


580 




20 


8.3668-10 




-69 






511 




'16 


8.4179-10 




-53 






458 




8 


8.4637-10 




-45 






413 




10 


8.5050-10 


378 


-35 




8.5428-10 









In the above tables we note the following: 
In(i),y = 3c^ and A' is constant. 

In (2), y = x^ and A* is constant since we have carried the work to two 
decimal places and A* does not sensibly affect the second decimal place. 
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If the computation had been carried to six decimal places, A^ would not 
be constant but A^ would be. 

In (3), A^ is approx;imately constant, so that if we desire to work to 

four decimal places, v^ could be represented by a polynomial of the 
second degree within the given range of values of x. 

In (4), A^ is approximately constant so that v^ could be represented 
by an equivalent polynomial of the first degree. 

In (5) and (6), A^ and A^ are approximately constant, so that R may 
be approximately represented by a polynomial of the second degree in V, 
and / by a polynomial of the third degree in V. 

In (7), log X may be approximately represented by a polynomial of the 
first degree, and in (8), log sin jc by a polynomial of the third degree 
within the given range of values of x. 

In general, it is evident that we may stop the process of finding suc- 
cessive differences much sooner the smaller the number of digits required 
and the smaller the constant interval h. We should stop immediately if 
the differences become irregular. 

The formation of differences is often valuable where a function is to 
be tabulated for a set of values of the variable. Thus, suppose we wish 
to form a table for y = 7rx^/4, expressing the area of a circle in terms of 
the diameter, for equidistant values of x. Since we have a polynomial 
of the second degree, A^y is constant, and if A = i and the work is to be 
carried to 4 decimal places, we need merely compute the values of y for 
^ == I, 2, 3 and form the corresponding differences; proceeding back- 
W'a.rds, we repeat the value of A^y = 1.5708, add this to Ay = 3.9270 and 
get 5.4978, add this to 7.0686 and get 12.5664, which is the value of y for 
^ = 4. We proceed in the same manner to get the values of y for suc- 
cessive values of x. 



3 

4 
5 



y=TX»/4 



A^ 



A« 



0.7854 

3.I416 

7.0086 

12.5664 

196350 



2.3562 

3.9270 

5.4978 
7.0686 



1.5708 
1.5708 
1.5708 



69 
70 
71 

73 



y=irafV4 



At 



A« 



3739.28 


109.17 




384845 


110.74 


1.57 


3959.19 


1 12.31 


1.57 


4071.50 


113.88 


1.57 


4185.38 







For larger values of x where we wish to work to two decimal places 
only, we take A^y = 1.57 and proceed as above. 

Suppose we wish to tabulate the function y = x^. Here A* is con- 
stant so that we merely compute the part of the accompanying table in 
heavy type. Then we extend the column for A^ by inserting 6*s, extend 
the columns for A^ and A^ by simple additions and subtractions, and thus 
determine the values of x^ for all integral values of x. 



s 


y-*» 


Ai 


A* 


— 


— I 


— I 


I 












I 


o 


6 


z 


z 


7 


6 


6 


2 


8 


19 


za 


6 


3 


27 


37 


z8 


6 


4 


64 


6i 


24 


6 


5 


125 


91 


30 




6 


2I6 









The same procedure may be followed in the construction of a table for 
a function where a certain order of differences is only approximately con- 
stant. Thus, in forming table (4) of cube roots, we note that for that 
portion of the table Ay is approximately 0.0046 so that we can find the 

values of v^ by simple additions; we must check the work by direct 
computation every few values in order to find when A*y changes its value. 
97. Newton's interpolation formula, — We shall now express the 
value of y for any value of x. From the definitions of successive differ- 
ences we have 



yi 
yi 



yo + oo; 

y2 + a2 
yz + az 



y2 = yi + ai = (yo + ao) + {ao + bo) = yo + 2 Oo + 
= (yo + 2 Oo + bo) + {ao + 2bo + Co) = yo + 3 «o + 3 &o + ^1 

= (yo + 3 ^ + 3 *o + Co) + (oo + 3 60 + 3 ^ + ^) 
= yo + 4<h + 6bo + ^co + do; 



We note that the coefficients are those of the binomial expansion, an 
this suggests that 



^ -n, 4-t,yT I n(n-i) , n (n - i) (n - 2) ^ 
yn = yo -7- woo i Yz ''o T rz ^ + 



\1 



li 



(I) 



where » is a positive integer. If this equation is true, then, replacing y 
by a, the first difference, we may also write 

, , . n (« — i) , w (n — i) (« — 2) , , 



\i 



li 



.*. y»+i = y» + o» = yo + (» + i) Oo + " |^ + « U« 



+ 



[ 



n{n — i) (« — 2) , n (« — i) 



b 



+ 






• • 



- «. J. r- 4- t^l /, I («+l)« |L , (» + l) « (« - l) . 
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where the coefficients are again those of the binomial expansion with n 
replaced by n + i. Thus we have shown that if equation (I) is true for 
any positive integral value of n, it is true for the next larger integral value. 
But we have shown (I) to be true when n = 4^ therefore it is true when 
n = 5 ; since it is true for » = 5, therefore it is true for « = 6 ; etc. Hence 
(I) is true for all positive integral values of «. 

Now if some order of differences, say the feth order, is constant, i.e., 
A*3f = kot then y is a polynomial of the ^th degree in n, and equation (I) 
may be written 

A +Bn + Cn'+ • • • Kn'^ = yo + noo 4, ^ (^ ~ ^} bo + . . . 

, n{n — 1) . . . {n — k + i) , 
"^ \k '^' 

The right member of this equation is also a polynomial of the feth degree 
in n, and since these polynomials are equal for all positive integral values 
of tt (i.e., for more than k values of «), they must be equal for all values of 
^» integral, fractional, positive, and negative. 

Hence if the ^th order of differences is constant, we have 

y -^, j-^y, . n (w - i) ^ , n (w - i) (n - 2) ^ 

yn. = yo + noo H r- Oq + r- ^0 -r • • • 

, n (n - i) . . . (n-k+i) ^ . 

H n^ Ro (N) 

*or all values of ». This fundamental formula of interpolation is known 

^s Newton's interpolation formula. In this formula, yo is any one of the 

^bulated values of y and the differences are those which occur in a line 

"through yo and parallel to the upper side of the triangle in the tabular 

scheme on p. 210. 

Newton's formula is approximately true for the more frequent case 

'Where the differences of some order are approximately constant; all the 

more so if » < i . We can always arrange to .have » < i ; for if we wish 

to find the value of y = Y ior x = X, where X lies between the tabular 

values Xi and Xi+i, we use Newton's formula with y* and the correspond- 

X — X' 
ing differences a^, 6*, d, . . . , so that X = Xi-\- nh and n = — r — - < i.* 

ft 

The values of the binomial coefficients occurring in the formula have 
been tabulated for values of n between o and I at intervals of o.oi.f 

Let us now apply Newton's formula to the illustrative difference- 
tables (i) to (8). 

♦ The ordinary interpolation formula of proportional parts disregards all differences 
higher than the first, so that y = yo + noo, where n = (X — Xo)/A. This simple formula 
will often give the desired degree of accuracy if the interval h can be made small enough. 

t See H. L. Rice, Theory and Method of Interpolation. 
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(i) To compute (34)*; 3^0=27, A=i, n=(3.4-3)/i=o.4; 

/ N. I / \ / -\ I (04) (—0.6), V , (04) (—0.6) (—1.6) f,. 

.•• (34)'=27+(o4) (37)+ ^-^^ (24) + —^^^ — -^ (6) 

= 39304. 

(3) To compute </2i^\ y^ = 2.8439, A = i, « =(23.5 - 23)/i = 0.5; 
.•. ^23.5 = 2.8439 + h (0.0406) + \ (o.ooii) = 2.8643. 

If we use the ordinary interpolation formula of proportional parts, 

v^23.5 = 2.8439 + i (0.0406) = 2.8642, which would be correct to 
three decimals only. 

(4) To compute '>J^6i 2. 25; ^0=8.4902, A = i, « = (612.25—612)/!= J; 
/. '>J^6i2.25 = 8.4902 + \ (0.0046) = 8.4914. 

(5) To compute R when F= 65 ; Rq= 14.9, A = 20, n = (65 — 60) /20 = \ ; 
.-. R = 14.9 + 1 (7.9) - ^V (24) = 16.7. 

(7) To compute log 501 .3; ^0 = 2.6998, A = i, n = (501.3-501)/! =0.3; 
/. log 501.3 = 2.6998 + 0.3 (0.0009) = 2.7001. 

(8) To compute log sin i** 16'; ^^o = 8.3088 — 10, A = 10', n = 
(1^16' - i^ioO/io' = 0.6; 

/. log sin 1° 16' = (8.3088 — 10) + 0.6 (0.0580) — 0.12 (—0.0069) 
+ 0.056 (0.0016) = 8.3445 ~ 10, correct to 4 decimals. 

If we use the ordinary formula of proportional parts, we have 
log sin i"* 16' = 8.3088 — 10 + 0.6 (0.0580) = 8.3436 — 10, correct to 2 
decimals only. 

If the value of x for which we wish to determine the value of y is near 
the end of the table we may not have all the required differences. To 
take care of this case Newton's formula is slightly piodiiied. If we 
invert the series of values of x in the tabular scheme on p. 210, and form 
the differences, we have 



s 


y 


A» 


AS 


A» 


A« 


Xn 


yn 


-Oir-l 








Xn~l 


ynri 










X4 


yi 


T-Ol 








Xt 


yi 


—at 


bt 


— Ci 




Xt 


yi 


-ai 


bi 


—Co 


do 


Xi 


yi 


-Oo 


bo 






Xo 


yo 











• • • 
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Starting at ji and applying Newton's formula, we get 

, , X , w (n — i) , , « (» — i) (» — 2) . . . 
yn = yA + n (-as) + — ^^-r^ — - 62 + — rP ^ (-^1) + 

^n . n{n-i) ^ n (n - i) (w - 2) ^ 
= 3^4 — was H 1^ 02 j- ci + • • • . 

Comparing the result with the scheme on p. 210, we note that the differ- 
ences are those which occur along a line parallel to the lower side of the 
triangle in that scheme. Here y^ is any value of y, and if X lies between 
^4 and Xzt then X = X4 — wA, and w = (3:4 — X)/h. 

Example. To compute ^2^.^. In table (3), y^ = 2.9240, A = i, 

w == (25 — 24.8)/! = 0.2; 

.*. v^24.8 = 2.9240 — 0.2 (0.0395) + ^ (—0.0011) = 2.9162. 

If a series of corresponding numerical values of two quantities are 
given, we may use Newton's formula for finding the polynomial which 
will represent this series of values exactly or approximately. For this 
purpose we replace nhy {x — Xo)/h. 

Thus, in table (i), A = i, jcq = i, « = :c — i; 

. / \ , (x—l) (x — 2) , x(x—l){X'-2){x — i)^ , 

••. y = I + (5C - i) 7 + ^ ^T^ ^ 12+ -5^ ' I '^ ^6=o(^. 

F— 20 V 

In table (5), h = 20, Vo = 20, n = = 1 ; 

^^^ » u , 20 20 

•• ^ = 5.5 + (--iJ3.6 + 'j^ ^2.2 

, = 4.1 + 0.015 V + 0.00275 V^. 

The values of R computed by this formula agree quite closely with those 
in the table. 

In table (6), A = 1, Fo = 10, » = F— 10; 

. T L nr ^/. _^ (F - lo) (F - II) ^ 

/. / = 1900 + (F — 10) 600 + ^^ ^— — 150 

, (F- 10) (F- ii)(F- 12) 
+ v ^-^ — ^ — ^-^ ^50 

= -6850 + 2042 F - 200 F2 + 8§ F'. 

■ The values of / computed by this formula agree quite closely with those 
in the table; thus, F = 12 gives / = 3254. 

Various formulas of interpolation similar to Newton's have been de- 
rived which are very convenient in certain problems. Among these 
may be mentioned the formulas of Stirling, Gauss, and Bessel.* 

* For an account of these formulas, see H. L. Rice, Theory and Practice of ItUerpciar 
tion, and D. Gibb, Interpolation and Numerical Integration, 
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98. Lagrange's formula of interpolation. — Newton's formula is 
applicable only when the values of x are equidistant. When this is not 
the case, we may use a formula known as Lagrange's formula. Given 
the following table of values of x and y, 



X 



ai 


(h 


Oz 


ai 


^6 


*. * * 


yi 


y2 


yz 


y4 


y6 


• • • 



a. 



(x - an) 
{x - an) 
{x - an) 



we are to find an expression for y corresponding to a value of x lying be- 
tween ai and an. We take for y an expression of the {n — i)st degree in 
X containing n constants, and determine these n constants by requiring 
the n sets of values of x and y to satisfy the equation. But instead of 
assuming the form y = A + Bx + Cx^ + • • • + iVjc*""S we may assume 
the equivalent form 

y = A {x ^ a^) {x ^ as) {x — a4) . . 
+ B {x — ai) {x — as) {x — a4) . . 
+ C (x — ai) {x — 02) {x — a^) . . 

+ 

+ N (x - ai) {x - 02) (x — az) . . . {x — an-i), 

where the n terms in the right member of the equation lack the factors 
(x — ai), (x — a2), . . . (jc — an) respectively. 
Since (ai, yi) is to satisfy this equation, 

yi = A (ai - 02) (ai - as) (ai - a^) . . . (ai - a»), 

since all the other terms contain the factor (ai — ai) and therefore vanish. 
Similarly, 

y2 = B (02 — ai) (02 — as) (02 — a4) . . . (a2 — an), 
yz = C (az - ai) (as - 02) {az — a^) . . . {az — an), 



Hence, 



yn= N {an - ai) (an - a2) {an - az) , . . {an - an-i). 

A = yi , 

(ai — a^ {ai — as) (ai — a4) . . . (ai — an) 



B = 



yi 



etc 

(02 — ai) (02 — as) (02 — a4) . . . (a2 — a,^ ' '' 



and, finally, 

(3g-a2) (jc-aa) . . . {x-a^ {x—ai){x—az) . . . (jg-aQ 

(ai--»J2)(ai-a3) . . . (ai-an) (a2— aO (^— fl^a) . . . (a2— a«) 
I I .. (Jg - gQ (jg - ag) . . . {x - an-i) 

-4— . • • -*— 'y • 

{an — ai) (an — a2) . . . (an — an-i) 

We note that in the term containing yk, the numerator of the fraction 
lacks the factor {x — a*) and the denominator lacks the corresponding 
factor (a* — a^). Lagrange's formula is in convenient form for logarith- 
mic computation. 
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Example, In the table on p. 13^ we have 



t 



14 


17 


31 


68.7 


64.0 


44.0 



35 



391 
and we are to find the value of A when / = 27. Using Lagrange's formula, 

^ _ ^o - (27-17) (27-31) (27-35) I ., - (27-14) (27-31) (27-35) - 
^ - ^«-7(i4_i7) (i4_3i) (i4_35) +«>4-0(i7_i4) (ly.ji) (17.35) 

(27-14) (27-17) (27 



+ 44.0 



(31-14) (31-17) (31-35) 
= -20.5 + 35.2 + 48.0 - 13.4 = 49.3, 

which agrees exactly with the observed value. 
- Example. In the table on p. 157 we have 

t 



35) I (27-14) (27-17) (27-31) 

^' (35 - 14) (35 - 17) (35 -31) 



O.I 


0.2 


0.4 


2.48 


2.66 


2.58 



0.8 



2.00 

and we are to find the value of i when / = 0.3. Using only the values 
/ = 0.2 and / = 0.4, 

t = 2.667-^ ^ + 2.58 7—5^-^ (r = 1.33 + 1.29 = 2.62. 

(0.2 — 0.4) "^ (0.4 — 0.2) ^"^ ^ 

Using all four values of /, i = 2.68. Using the empirical equation 

i = 4.94 e"^'^^ — 2.85 g-376« (on p. 159), we get i = 2.66. 

Gausses interpolation formula for periodic functions. — When the data 
are periodic we may find the empirical equation as a trigonometric series 
by the method of Chapter VII and use this equation for purposes of in- 
terpolation, or we may use an equivalent equation given by Gauss: 

_ sin ^ (x — (h) sin ^ (x — az) . . . sin j {x — an) 
^ ~ ^^ sin ^ (ai — a2) sin ^ (ai — as) . . . sin i (ai — an) 
sin h (x ^ ai) sin i {x — as) . . . sin |(3c — an) 



+ y2 

+ 



sin i (02 — ai) sin i (^ ~ ^3) 



sin i{a2 — an) 



It is evident that y = yi when x = au y = y2 when x = 02, etc., so that 
the equation is satisfied by the corresponding values of x and y, 
99. Inverse interpolation. — Given the table 



X 



Xq 


Xi 


X2 


Xz 


• • • 


yo 


yi 


yi 


yz 


• • • 



X, 



we may wish to find the value of x corresponding to a given value of y. 
If the values of x are equidistant we may use Newton's interpolation 
formula. Here we know yn, yo, Oo, 6o» t:o, . . . , and substituting these 
values in the formula we have an equation which is to be solved for w. 
If only the first order of differences are taken into account, then 

yn = yo + nao, and n = — — , the ordinary formula for inverse inter- 

ao 

polation by proportional parts. 
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Example. In table (7), given logx = 2.7003, to find x. 

2.7003 — 2.6998 ^ J .7 , ^ / \ 

^ = —^ — ^r^ru^ "^ ^56, and jc = acb + wA = 501 + 0.56 (i) = 501.56. 
0.0009 

If only the first and second differences are taken into account, then 

fi (fi ~~' I ) 
^n = yo + noo + — ^^ 60, a quadratic equation which can easily be 

solved for n. 

Example. In table (5), given R = 27.3,. to find V. 

Here 27.3 = 22.8 + n (10.5) + ^ "" (2.2). 

or I.I »* + 9.4 « — 4.5 = o; 

hence n = A = 0-455 and x = Vo + nh == So + (0.455) 20 = 89.1. 

The empirical formula R = 4.62 — 0.004 ^ + 0.0029 V^ on p. 149 
gives F = 89.1, i? = 27.3. 

But if the third and higher orders of differences have to be taken into 
account, the method would require the solution of equations of the third 
and higher degrees. In such cases as well as in the case where the values 
of X are not equidistant, we may use Lagrange's formula and merely in- 
terchange X and y; i.e., 

x=:xi (y - ^2) (y - as) . . . ^ ^^ (y - di) (y - fla) . . . + . . . . 

(flj — 02) (fl^i — fl^) • • . (^ — ai) {02 — az) . . . 

Example, In table (8), given log sin x = 8.3850 — 10, to find x. 
Using only the following values. 



log sin X 



8.3088 - 10 



70' 



8.3668 - 10 
80' 



8.4179 — 10 
90' 



we have 



^ ^ / (0.0182) (-0.0329) g^, (0.0762) (-0.0329) 
' (—0.0580) (—0.1091) (0.0580) (—0.0511) 

, (0.0762) (0.0182) 
^ (0.1091) (0.051 1) 

= 70' (—0.0946) + 80' (0.846) + 90' (0.249) 
= 83.4/ = 1^23.47'. 

We may also use a method of successive approximations as follows: 
From Newton's formula we write 

y-yo 
fi = 



oo + ^in— i)bo + l{n- i) {n- 2)co+ • • • 

Applying this to the above example, and taking only the first differences 
into account, we get as a first approximation, 

n = y~> = (8.3850 - 10) - (8.3668 - 10) ^ 182 ^ ^ 
^ Oo 0.05 1 1 511 **^ -' 
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Taking also second differences into account and introducing the value of 
«i for n in the denominator, we get as a second approximation, 

y — yo 0.0182 182 



fh = 



= 0.345, 



flk) + i(^i ~ l)*o 0.051 1 + 0.0017 528 

We may continue in this way approximating more and more closely to the 
value of n. In this example it will be unnecessary to carry the work to 
third differences since A^ is negligible. Hence 

w = 0.345. and X = Xo + nh = i"" 20' + (0.345) (10') = i"" 23.45'. 
We may check this by direct interpolation. Here 

yo = 8.3668 — 10, h = 10', and n = 0.345; 

hence, 

y = 8.3668 - 10 + 0.345 (0.051 1) - 0.1 13 (-0.0053) = 8.3850 -10. 

Example, Find the real root of the equation x? + 5x — 1=0. 
We form a table of differences of the function y =' a? + ^x — i. 



X 


y 


Ai 


A* 


A« 


— 2 


-19 


12 






— I 


-7 


6 


-6 


6 





— I 


6 





6 


I 


5 


12 


6 


6 


2 


17 


24 


12 


/ 


3 


41 









T'he root lies between x = o and jc = i, and we are to find the value of x 
when y = o. Using the method of successive approximations we have 

til ^ y-yo = + 1 

do 6 



= ^ = 0.1667, 
o 



n4 = 



3^-3^0 



STFKni - i)To "" 6 + |(i - I) 6 " 7 " ^'^"^ ' 

y-yo = ^ =^ = o 1068 

ao+ Hw2 - i) 60 + i («2 - i) (n2 - 2) Co 6- ^r^+H 249 * ^ ' 

3^ - 3^0 I 



oo + |(W3 - i) fto + i (W3 - i) (na -- 2) Co 6 - 2.4096 + 1.4483 
I 



5.0387 
Hence, 
^''rom the table 



= 0.1985. 



X = Xo + nh = 0.1985. 



X 



0.1985 


0.19845 


0.1984 


0.00032 


0.00006 


—0.00019 



^e note that x = 0.1984 is the root correct to 4 decimals. 
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EXERCISES 

I. Tabulate the values and dififerences of the following functions; h is the commcz^j 
interval. ; ^' 

(a) «2,fromx =*5t«ra: = i2wheah = i;andfrom« =» 3to« « 3.1 when* = 0.0 :^ 

(b) v^, from x = * to x = 10, when A = i, and from y « 563 to x = 570 wh^^u 
A = I. 

T 

(c) -, from X = 60 to X = 70 when A = i, and from x = 260 to x = 262 wh^n 
h = 0.2. 



(d) 



rZ)3 



(volume of a sphere), from P = i to P = 1.8 when A = o.i. 



(e) log X, to 4 decimals, from x = 356 to x = 362 when /r = i. 

(f) tan X, to 4 decimals, from x = 32® to « = 33® when /r = 10'. 

(g) log cos «, to 4 decimals, from x = 88® 10' to x = 89® 20' when h = 10'. 
(h) e*, to 4 decimals, from x = 0.8 to x = 0.9 when h = o.oi. 

(i) J (a — sin a), to 4 decimals (area of a segment of a circle subtending a central 
angle a, in radians) from a = 25® to of = 32® when A =« 1°. 

2. Tabulate the differences for the following experimental results and indicate for 
each case the degree of the polynomial that would best express the relation between t:lie 
variables. 

(a) S = stress in lbs. per sq. in. in steel wire used for winding guns, E = elongation 
in inches per inch. 



s 


10,000 


20,000 


E 


0.00019 


0.00057 



30,000 



0.00094 



40,000 



0.00134 



50,000 


60,000 


70,000 


80,000 


0.00173 


0.00216 


0.00256 


0.00297 



(b) Q = cu. f t . of water per sec. flowing over a Thomson gauge notch ; If = ft. of head. 



H 


1.2 


1.4 


1.6 


1.8 


2.0 


Q 


4.2 


6.1 


8.5 


"5 


14.9 



(c) P/a = load in lbs. per sq. in. which causes the failure of long wrought-iron 
columns with round ends, l/r — ratio of length of column to least radius of gyration of 
its cross-section. 



l/r 


140 


181 


220 


260 


300 


340 


380 


420 
1300 




P/a 


12,800 


7500 


5000 


3800 


2800 


2100 


1700 


'3 


(d) e = volts, p = kilowatts in a core-loss curve for an electric motor. 




n 


e 


40 


60 


80 


100 


120 


140 


I 


60 






P 


0.6 


3 


1.3 


6 


2.1( 


S 


3.0 





3.9 


3 


6 


.22 


8 


.59 





(e) A = amplitude of vibration in inches of a long pendulum, t =* time in min. 
since it was set swinging. 

t 



10 



4.97 



2.47 



3 


4 


1.22 


0.61 



0.30 



0.14 



(J) V = potential difference in volts, A = current in amperes in an electric circuit 



V 

U) 
x 



2.97 



65.0 



3.97 



61.0 



4.97 



58.25 



5.97 



56.25 



6.97 



55.1 



7.97 



54.3 



6.42 



8.50 



11.03 



14.03 



9 


II 


13 


17.53 


21.55 


26.12 
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X 





0.3 


0.6 


0.9 


1.2 


1.5 


1.8 


2.1 


24 


y 


3.00 


1.89 


1.27 


0.88 


0.63 


0.46 


0.33 


0.25 


0.18 



2.7 

0.05 

3. By the method of differences explained in Art. 96, extend the tabulation of the 
functions in Exs. i a, b, d, e, h, i, for several values of the variables beyond the range 
of values for which the tables were constructed. 

4. Apply Newton's interpolation formula to the tables in £x« i. 

(a) In Ex. I a, find ac* when x = 7.3 and x = 3 .056. 

(b) In Ex. I b, find Vx when x = 566.2. 

(c) In Ex. I d, find tD*/6 when D = 1452. 

(d) In Ex. I e, find log x when x = 361.4. 

(e) In Ex. I g, find log cos x when x = 88° 43'. 

5. Apply Newton's interpolation formula to the tables in Ex. 2. 

(a) In Ex. 2 a, find E when 5 = 42,000. 

(b) In Ex. 2 b, find Q when H = 1.7, and compare with the value given by the em- 
pirical formula Q = 2.672 J?*-*. 

(c) In Ex. 2 c, find P/a whto l/r = 327, and compare with the value given by the 
empirical formula P/a = 417,000,000 (//r)*-* 

(d) In Ex. 2 f, find V when A = 4.07. 

(e) In Ex. 2 g, find y when x = 6. 

(f) In Ex. 2 h, find y when x = 1.3 and x = 2.46. 
6. In the following table (taken from p. 129) 

e 



288 


293 


313 


333 


35.2 


37-2 


45.8 


55.2 



S is the number of grams of anhydrous ammonium chloride which dissolved in 100 grams 
of water makes a saturated solution of $^ absolute temperature. Use Lagrange's formula 
of interpolation to find 5 when B = 300°, using (i) only two values of d, (2) three values 
of ^1 (3) all four values of B. Compare the results with the value given by the empirical 
fOTmula S = 0.000000882 ^•*. 

7. In the following table (taken from p. 141) 

8 



I 


2 


4 


120 


94 


75 



62 

f is the current and V is the voltage consumed by a magnetite arc. Use Lagrange's 
formula to find V when i = 3, and compare the result with the value given by the 
empirical formula V = 30.4 -f 90.4 f-^-^. 

8. Use the methods of inverse interpolation (Art. 99) in the following: 

(a) In Ex. I a, find x when ** = 39 and when x^ = 9.34. 

(b) In Ex. I e, find x when log x = 2.5542. 

(c) In Ex. I g, find x when log cos x = 8.3946 — 10. 

(d) In Ex. 2 a, find 5 when E = 0.00192. 

(e) In Ex. 2 c, find l/r when P/a = 4000. 
(0 In Ex. 2 g, find x when y = 15.25. 

9. Approximate to the real roots of the equations: 

(a) «* — 2 X + 3 = o. 

(b) ** — 4 X + 2 = o. 

(c) e* + x» — 4 = o. 

(d) 10 log « — X — 2 = o. 

(e) sin 3C + X* — 1.5 = o. 



CHAPTER IX. 

APPROXIMATE INTEGRATION AND DIFFERENTIATION. 

100. The necessity for approximate methods. — In a large number 
of engineering problems it is necessary to determine the value of the 

definite integral, I f(x) dx. Geometrically, this integral represents the 

area bounded by the curve y = /(jc), the jc-axis, and the ordinates x = a 

and jc = ft. Physically, it may represent the work done by an engine, 

the velocity acquired by a moving body, the pressure on an immersed 

surface, etc. If f(x) is analytically known, the above integral may be 

evaluated by the methods of the Integral Calculus. But if we merely 

know a set of values o{f{x) for various values of x, or if the curve is drawn 

mechanically, e.g.^ an indicator diagram or oscillograph, or even where the 

function is analytically known but the integration cannot be performed 

by the elementary methods of the Integral Calculus — in all these cases, 

the integral must be evaluated by approximate methods — numerical, 

graphical, or mechanical. The planimeter is ordinarily used in measuring 

the area enclosed by an indicator diagram and in certain problems in 

Naval Architecture; such approximations often have the desired degree 

of accuracy. Where a higher degree of accuracy is required or where a 

planimeter is not available numerical methods must be used. 

In certain problems it becomes necessary to determine the value of 

dy 
the derivative, ^ . Geometrically, this represents the slope of the curve 

y = /W 2it any point. Physically, it arises in problems in which the 
velocity and acceleration are to be found when the distance is given as a 
function of the time, in problems involving maximum and minimum 
values and rates of change of various physical quantities, etc. To 
evaluate the derivative we may use the methods of the Differential Cal- 
culus if the function is analytically known. Otherwise we are forced to 
use approximate methods — numerical, graphical, or mechanical. 

It is our purpose, in the following sections, to develop some of the 
numerical, graphical, and mechanical methods used in approximate in- 
tegration and differentiation. 

loi. Rectangular, Trapezoidal, Simpson's, and Durand's rules. — 

Suppose we wish to find the approximate area bounded by the curve 

V ~ f{x), the X-axis, and the ordinates x = ocq and x = Xn (Fig. loi). 
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We divide the interval from x = xq to x = Xn into n equal intervals of 

width k, and measure the (n + l) ordinates yo, yi, yt Jn-i, yi.. 

(r) Rectangular rule. — If, starting at Pn, we draw segments parallel 

to the X-axis through the points Po, -Pi, Pj Pn-i, the area enclosed 

by the rectangles thus formed is given by 

Aa = h(yo + yi+yi+ ■•■ + y—i). 



Y 


3 

", 






p-i 






^ 


'^ 


p-1 






T 






'=C 








P. 


7 








i; 


/ 




1 

"-i 
i»- 


\ 




«, 


y 



















. "^. ^, 




.1 ' ».-E 



If, starting at P„, we draw segments parallel to the ar-axis through the 
points Pb, Pn-i, . . ■ f -Pi. -Pi, the area enclosed by the rectangles thus 
formed is given by 

Ar =A(yi+yi4-ys4- ■•■ + y^- 

It is evident that the smaller the interval A, the better the approxima- 
tion to the required area. 

{2) Trapezoidal rule. — If the chords PaPi. P1P3 Pn-iPn are 

drawn, then the area enclosed by the trapezoids thus formed is 

= A li Cvo + y») + yi + ys + ■ • ■ + y^i]. 
This expression for the area is the average of the two expressions given 
by the rectangular rules. It is evident that the smaller the interval ft 
and the flatter the curve, the better the approximation to the required 
area. If the curve is steep at either end or anywhere within the interval, 
the rule may be modified by subdividing the smaller interval into 2 
or 4 parts; thus, subdividing the steep interval between Xn-i and Xn in 
fi'^g. lOI 



into 2 parts: ^r 



.*(a±i)H 



.*fe 



M^)+I(:^y 
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+ 



h (ym±yt\ , h/yt + yn\ 



(3) Simpson* s rule/ — Let us pass arcs of parabolas through the points 
PoPiPj, PtPiPit ... I Pn-iPn^iPn- Let the equation of the parabola 
through PoPiPi he y = ax^ + bx + c. Then the area bounded by the 
parabola, the jc-axis, and the ordinates x =^ xo and jc = :x:2 is 



r'"^ 



+ bx + c)dx = 



ax^ , bofi , 
[-ex 

32 






+ c{x,-Xo) = '^-^ [2 a {xt* + XiXo + xo^) + 3b{x,+xo)+6c]. 
Now, yo ■ aoco^ + 6x0 + c, 3^2 = ax^^ + bx2 + c, A = », 

and we may easily verify that 

A ^ lh(yo + 4yi + yt). 

If we have aneven number of intervals and apply this formula to the 
successive areas under the parabolic arcs, we get 

-4jj-J A (3^)+4yi+y»)+i A 0X1+4^8+^4)+ • • • + JACyn-2+4yn-i+3'n) 
-l*(3^) + 4yi + 2yj + 43^8 + 2y4+ • • • + 2 yn-j + 4 ^n-i + y») 

^\fil(yfi+yn)+4(yi+yi+yh-\ hym-i)+2 (y2+y4+y«H — ■+y«-2)]. 

To apply Simpson's rule we must divide the interval into an even 
number of parts, and the required area is appro»mately equal to the 
sum of the extreme ordinates, plus four times the sum of the ordinates 
with odd subscripts, plus t\\'ice the sum of the ordinates with even sub- 
scripts, all multiplied by one-third the common distance between the 
ordinates. 

♦ (4) Durand^s rule.^ — If we have an eN-en number of parts and apply 
Sinn>si>n*s rule to the inter\'al from xi to x«-i and the Trapezoidal rule to 
the end intor\-als, 

A - AUi> + i^^^ + a^h + *^^ + i^^+ • • • 

+ J v,^ + J v^ + iy,^i) + dy^i + hyn)l 

Applying Simp^jii^nV rule tt> the entire inter\-al from jc^ to jc», 
.4-Mi>+Jx\ + !x^ + ?x^+ * • • +iv-* + iv^ + *yi^i + J3'.]. 

Addll\ii» 

^A - >!J\v + \*>^ + l,^^ + 3^^'^« * -^v^ + :Jv-a+Vy-i + |yJ. 

• Oi»ti(i by IVu\ DunnJ in Fjx^nemiif News* Jjau, id94. 
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Hence, 



% • • 



• • • 



+ ^11-21 



^i> = A [A (yo + yn) + it (yi + yn-i) +^'2 + ^3 + 

= h [0.4 (^'o + yn) + I.I (yi + ^n-l) + 3^2 + ^3 + 

Collecting, our rules, we have 

(i) Ar = h(yo + yi + y2+ • • • +yn-i), 
or AR='h(yi + y2 + y3+ • • • +yn)> 

(2) At = h[^ (yo + yn) + yi + y2 + • • • + yn-i]* 

(3) As = i h[(yo + yn) + 4 (yi + y^ + y^ + ' ' ' + yt^i) 

+ 2 (3^2 + 3^4 + 3^6 + • • 
(4) Ad = h [0.4 (yo +■ yn) + M (yi + yn-i) + 3'2 + 3^3 + • 

I02. Applications of approximate rules. — We shall give some ex- 
amples illustrating the application of these rules. 

— . This is equivalent to finding 'the area 

2 X 

between the curve y = i/x, the :ic-cixis, and the ordinates x = 2 and 
X = 10. If we divide the interval into 8 parts, then h = i ; we have the 
table 



+ y«-2)]. 
+ y»-2]. 



X 



2 


3 


4 


5 


6 


7 1 


1 ^ 


9 


i 


* 


i 


i 


i 


^ 


i 


* 



10 



tV 



Ar= i{h + i + i+ • • • +i) = 1-8290; 
Ab'= i(.i + i + i+ • • • +^) = 1.4290; 

At = i'[i a + iV) + i +•••+*] = 1.6290; 

Aa = IKi + ^) + 4il + i + } + i) + 2 a + k + k)] = 1.6109; 

^B = I [o.4(i + tV) + I.I (I + i) + i + i + • • • + i] = 1.6134. 

10 



By actual integration 






ln:ic 



2 



= In 10 — In 2 = In 5 = 1.6094. 



We note that Simpson's rule gives the best approximation (within 
0.1 % of the true value), with Durand's next. 
If we take A = §, 

I 



'''-5[(^fo) + 4(57 



7/2 



+ 



• • . 



+ 



5] = - 



6144; 



27/2 



+ 



+ 



+ 2 



19/2/ 



... 



+ 



^)] = '• 



6096. 



Thus the Trapezoidal rule with 16 ordinates does not give the accuracy 
given by Simpson's rule with 8 ordinates. 

2. Area. — The half-ordinates in feet of the mid-ship section of a 
vessel are 

12.5, 12.8, 12.9, 13.0, 13.0, 12.8, 12.4, 1 1.8, 10.4, 6.8, 0.5, 

and the ordinates are 2 feet apart; find the area of the whole section. 



2aS APPROXIMATE INTEGRATION AND DIFFERENTIATION Chm. LZ^ 

Mr - 2 [i (12.5 + 0.5) + 12.8 + ■ ■ ■ + 6.81 = 224.8; 
Ms = ! [C12.5 + 0.5) + 4 (12.8 + 13.0 + 12.8 + II.8 + 6.8) 

+ 2 {12.9 + 13.0 + 12.4 + 10.4)] = 226.1 - 

Hence, A-r =■ 449.6 sq. ft.. As = 452.2 sq. ft. 

3. V/ork. — Given the, following data for steam 

r [ 2 I 4 I 6 I 8 [ 10 
p I 68.7 I 31.3 I 19.8 I 14.3 I 11.3 
where v is the volume in cu. ft. per pound and p is the pressure in pounds 
per sq. in. ; find the work done by the piston. 

Work = / /)(fti; thisisequivalent tofinding thea 



a under the curve 



obtained by plotting (ii, />). 

H'r = 2 [i (68.7 + 11.3) + 31.3 + 19.8 + 14.3I = 210.80; 

H^s = I [{68.7 + 11.3) + 4 (31.3 + 14.3) + 2 {19.8)] = 201.33. 
By the methods of Chapter VI we find the empirical formula con- 
necting V and p to be ^'-^ = 148, and hence, 



W 



= / pdv = 148 j p-ii^df = 



= I99-3'- 



This last value differs from the value given by Simpson's rule by about !%■ 
4. Mean effective pressure. Indicator diagram. Fig. 102a is a re- 
production of an indicator diagram; to find the mean effective pressure. 




Fig. 



The mean effective pressure P is the area of the diagram divided by 
the length of the diagram, since the area represents the effective area of 
the piston in sq, in. and the length represents the length of the stroke in ft. 
Since the total area enclosed by the curve is the difference between the 
area bounded by a horizontal axis, the end ordinates, and the upper part 
of the curve, and the area bounded by the same straight lines and the 
lower part of the curve, we need merely measure the lengths of the ordi- 
nates within the curve. The diagram is 3.5 ins. long. We divide the 
interval into 8 parts; then h = -^j, and we measure the ordinates 

o, 0.40, 0.63, 0.91, 0.98, i.oo, 0.92, 0.74, o. 



Art. 
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^T = tV [040 + 0.63 + • • • + 0.74] = 2.44; 

^^ = ?\ [4 (0.40 + 0.91 + I.OO + 0.74) + 2 (0.63 + 0.98 + 0.92)] = 2.52. 



Hence, 



3.5 3.5 



We divide the interval into 14 parts; then A = i, and we measure the 
ordinates 

o, 0.30, 0.42, 0.54, 0.68, 0.88, 0.96, 0.98, I.OO, 1.02, 0.97, 0.89, 0.78, 0.64, o. 

-^T= H0.3O + 0.42 + • • • + 0.64] = 2.52. 

•^s=tV [4(o.3o+o.54H +0.64) +2](o42 +0.68+ ho.78) 1 = 2.55. 



Hence, 



P = 



s 



2.55 



= 0.73. 



3.5 3.5 

We note that -4^ with 9 ordinates has the same value as i4r with 15 
ordinates. 

5. Velocity, — Given a weight of 1000 
tons sliding down a 1% grade (Fig. I02h) 
^ith a f national resistance of 10 lbs. per ton 
^t all speeds. The total resistance is 30,000 
^l^s. (a frictional resistance of 10,000 lbs. and 
^ grade resistance of 20,000 lbs.). Let the following table express the 
accelerated force F as a function of the time / in seconds: 




Fig. 1026. 



F 






100 


200 


300 


II 


500 


600 


700 


800 
— 11,000 


900 


20,000 


19,000 


16,000 


11,000 


— 1000 


-5000 


-8500 


-13.000 



1000 

-15.000 



Fmd the velocity acquired by the body in 1000 seconds. 

2,000,000 1,000,000 



Since 



therefore, 



F = 


m 


X 


a, and 


a = 


F 
m 


= 


16.1 F 
1,000,000 



m = 



16.1 



and "Tf^^y hence, v = j adt. 



We form a table for the acceleration a. 



a 






100 


200 


300 


400 


500 


600 


700 


800 


900 


0.322 


0.306 


0.258 


0.177 


0.081 


—0.016 


—0.081 


-0.137 


-0.177 


—0.209 



1000 
—0.242 



Here, A = 100, so that 

Vt= 100 [1(0.322— 0.24^) + (0.306+0.258+ • • • —0.209)] = 24.2 ft. per sec. 
^s = H^ [(0.322 — 0.242) + 4 (0.306 + 0.177 — 0.016 — 0.137 — 0.209) 

+ 2 (0.258 + 0.081 — 0.081 — 0.177)] = 24.2 ft. per sec. 

6. Volume. — If Sx is the area of a cross-section of a solid made by a 
plane perpendicular to the x-axis, then the volume of the solid included 

between the planes Xo and :*:„ is F = I Sxdx. In order to integrate, 

we must know the analytical expression for Sx as a function of x. 
Otherwise we employ the approximate formulas; the values of 5* are the 
ordinates and h is the common distance between the cutting planes. 
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A buoy is in the form of a solid of revolution with its axis vertical, 
and D is the diameter in ft. at a depth p ft. below the surface of the water. 



p 





0.3 


0.6 


0.9 


1.2 


1-5 


1.8 


D 


6.00 


590 


5.80 


5-55 


5-25 


4.70 


4.20 


D» 


36.CX) 


34-81 


33-64 


30.80 


27.56 


22.09 


17.64 



Find the weight of water displaced by the buoy (i cu. ft. of sea water 
weighs 64.11 lbs.). 



Here, 



F= r*'-P2^/>, and h = 0.3, 
Jo 4 



hence, Vs'^rT--: [(36.00 + 17.64) + 4 (34.81 + 30.80 + 22.09) 

3 4 

+ 2 (33.64 + 27.56)] = 41.38 cu. ft., 

and the weight of water displaced = 2652.87 lbs. 

The areas in sq. ft. of the sections of a ship below the load-water plane 
and 3 ft. apart are 

7500, 7150, 6640, 5680, 4225, 2430, 260, 

where the load-water plane has an area of 7500 sq. ft. Find the dis- 
placement in tons (35 cu. ft. of sea water weigh i ton). 

^T^3 [H7500+26o) + (7150-1-6640-1-5680-1-4225+2430)]= 90,01501. ft. 
^s=|[(7500+26o)-|-4(7i50-t-568o+243o)+2(6640+4225)]=90,530cu.ft. 

Hence, the displacement is 2572 tons by the Trapezoidal rule and 2587 
tons by Simpson's rule. 

7. Moment of inertia. — The moments of inertia of an area about the 
axes are 

The evaluation of these integrals is equivalent to finding the areas under 
the curves with ^ y or x^y as ordinates and x as abscissas. 

The half-ordinates in ft. of the mid-ship section of a vessel are 

12.5, 12.8, 12.9, 13.0, 13.0, 12.8, 12.4, 1 1.8, 10.4, 6.8, 0.5, 

and the ordinates are 2 ft. apart. Find the moment of inertia of the 
entire section about the axis. 

Here, /« = 2 / iy^dx, A = 2, and the values of ^ are 

I953I* 20972, 2146.7, 2197.0, 2197.0, 2097.2, 1906.6, 1643.0, 1124.9, 3i4*4» 0.1, 

and applying Simpson's rule, 

•^« = I (I) [(1953.1 + o.i) + 4 (2097.2 + . . . -h 314.4) 

+ 2 (2146.7 + • • • + 1 124.9)] = 22,266.1. 
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8. Pressure and center of pressure. — The pressure on a plane area 
perpendicular to the surface of the liquid, between depths a:© and Xn, is 

p = w I xydx, where w is the weight of the liquid per unit volume, y is 

the width of the area at a depth x beneath the surface. The depth of 

ofiydx 

Xa 



the center of pressure of such an area is given by x 



Jfxn 
Xo 



All 



xy dx 

these integrals can be evaluated approximately. 

9. Center of gravity. — The coordinates of the center of gravity of an 
area are 



- /^y^* Moment about OF _^f^^ 

* r Area * ^ /* 

I ydx j ydx 



Moment about OX 
Area 



The half-ordinates in ft. of the mid-ship section of a vessel are * 

12.5, 12.8, 12.9, 13.0, 13.0, 12.8, 124, 11.8, 10.4, 6.8, 0.5, 

and the ordinates are 2 ft. apart. Find the center of gravity of the 
section. 



X = — 77:;: 



xydx 



Moment about OY 



Jf20 
ydx 




Area 



and applying Simpson's rule to the table. 



X 




12.5 



2 


4 


6 
130 
78.0 


8 


10 


12 


14 


16 


18 


20 


y 


12.8 


12.9 


130 


12.8 


12.4 


11.8 ^ 


10.4 


6.8 


o.S 


xy 


25.6 


51.6 


104.0 


128.0 


148.8 


165.2 


166.4 


122.4 


1 0.0 



Ms =§[(0 + 10.0)4-4(25.6+ • • • +122.4) +2 (51.6+ ' 

= 2018.9. 
^5 = I [(12.5 +0.5) +4 (12.8+ • • • +6.8)+2(i2.9 + 

= 226.1. 

2018.9 



+ 166.4)] 
+ 10.4)] 



Hence, 



X = 



226.1 



= 8.93 ft. 



103. General formula for approxiniate integration. — We may derive 
a general formula for approximate integration by integrating any of the 
formulas of interpolation. Thus, Newton's formula (p. 215), 

w (n — i) . . . (w — jfe + i) 



, , w(» — i) , , 

yn = > + woo + —^T^ — bo + 



+ 



I* 



ko, 
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where x = Xo + nh, is true for all values of n if some order of differences 
is constant or approximately constant. Multiplying by dn and inte- 
grating term by term between the limits o and w, we have 

yndn = yo I dn + oo I ndn + 7- I n{n — i)dr 

+ l~ / » (w — i) (w — 2) rf» + • • • • 

X "^ Xn I 

Since x = xo + nh, therefore, n = — r — and dn = v dx. Hence, 

r^^=»h+f°"+(f-?)l+(!-»'+"')5 

Thus, if the differences after some order, as the feth, are negligible, we 
may use this formula to get the approximate area between the curve, the 
X-axis, and the ordinates x = xo and x = Xn* The process is equivalent to 
approximating the equation of the curve by a polynomial of the feth 
degree. The differences Oo, 60, Co, . . . are those which occur in a line 
through yo parallel to the upper side of the triangle in the scheme on p. 210. 
Similar integration formulas can be derived from the other interpolation 
formulas. 

If the interval from Xo to Xn is large, it is well to divide this into smaller 
intervals, apply the formula to each of the smaller intervals, and add the 
results. In this way we may derive the formulas of Art. loi and similar 
formulas as special cases of the above general formula. 

Let us first note that by means of the rule for the formation of the 
successive differences of a function (p. 210) we may express the differences 
(h, bo, Co, . . . in terms of ^'o, yu 3^2, • ^- • • Thus, 

Oo = yi- yo, 

60 = ai - Oo = (3^2 - 3^1) - (yi — yo) = y2 — 2yi + yo, 

Co = 61 - fto = [(^3 -2y2 + yi) - (y2 -2yi + yo)] = ys - 33^2 + 33'i-3'o, 

do = 3'4 - 43^3 + 6^2 - 43'i + 3'o, 

^ = 3^6 - 53'4+ 103^3 - 103^2 + 53^1 - yo, 

, , . k{k — i) 

f^ = yk— kyh-i H 1 - — 3'*-2 — • • • 

where the coefficients in the right members of these equations are the 
binomial coefHaents, taken alternately plus and minus. 
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(i) Let » = I and ftoi Co, . . . all zero, i.e., approximate the curve 
(Fig. loia) from Xq to Xi by a straight line, y = A + Bx, Then 

j^'ydx = A bo + i^] = A bo + Hyi - yo)] = a[^^4^]' 

Applying this result to each interv^ and adding, we get the Trapezoidal 
rule: 

At = I *ydx = A [§ O^o + 3^0 + >'i + ^^2 + • • • + yn-i]> 

(2) Let n = 2 and Co, do, • • • all zero, i.e., approximate the curve 
(Fig. loia) from ocq to 002, by a parabola, y = A '\- Bx + Cx^. Then 

J* ydx=^h[2yQ + 2afi + \h] =A[2> + 2 (3/1 - yo) + i (^2 - 2 yi + yo)] 

= - bo + 4^1 + ^2]. 

Applying this result to an even number of intervals, two at a time, and 
adding, we get Simpson's rule: 



-r 

%J Xq 



h 



H rL 

y dx = -[(yo+yn)+4(yi+yz-\ hyn-i)+2(y2+y4H l-yn-2)]. 

(3) Let » = 3 and do, Co, . . . all zero, i.e., approximate the curve 
(Fig. 1 01 a) from Xo to X3 by a parabola of the 3d degree, y = A + Bx + 
C^ + D^. Then 

Jf y doc = A [3 yo+l Oo+1 60+I Co] = A [3 yo+l (yi-yo) + i (y2-2 yi+yo) 

+ 1(^3- 33'2 + 33'i-3'o)] = |Abo + 33'i + 33'2 + y3]. 

Applying this result to n intervals, where » is a multiple of 3, and adding, 
we get Simpson's three-eighths rule: 

As'= I yd:x:=|Abo+2(y8+y6+y9+ • • •)+3(3'i+3'2+y4+y5+ • • •)]. 

(4) Let » = 6 and the differences beyond the 6th order negligible, 
i.e., approximate the curve (Fig. loia) from Xo to Xe by a parabola of the 
6th degree, y==A + Bx + Cx^+'''+ Hof. Then 

/ ' ydx = A [6 yo+ i8ao + 2760 + 24^0 + W^ + H^ + ^UV 

Substituting the values of Oo, fto, . • . , /o in terms of the y's and re- 
placing x^r /o by T% /o, thus neglecting lia/o which will be fairly small, we 
get WeddWs rule: 






ydx = A A bo + 5 yi + 3^2 + 6y3 + y4 + 5 3^5 + ye]. 



We may apply this rule to n intervals where » is a multiple of 6. 



2 


2.1 


2.2 


2.3 


2.4 


2.5 


2.6 


I 

2 


I 
2.1 


I 
2.2 


I 

2.3 


I 
2.4 


I 

2.5 


I 

2.6 



+ 
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r'^dx 
— 

We divide the interval into 6 equal parts, so that A = o.i. From the 
table 

X 

y 

At = o.i -f-H — 2) H 1 1 1 i h= 0.2624493; 

' [2\2 2.6/ 2.1 2.2 2.3 2.4 2.5J t*t:/oi 

— = ln:x: =ln2.6 — ln2 = ln 1.3=0.2623637. 
X I I2 

At agrees with i4 to 4 decimals, while -4s, As', and Aw agree about 
equally well with ^ to 6 decimals. 

104. Numerical differentiation. — We are to find the slope of the 
curve y = f(x) at any point when the curve is drawn or a table of values 

of equidistant ordinates are given, i.e., we are to find -p when the analyti- 
cal form of the function is unknown. Graphically, we must construct 
the tangent line to the curve ,at the given point. The exact or even 
approximate construction of the tangent line to a curve (except for the 
parabola) is difficult and inaccurate.* 

d'v 
We may derive an expression for ■— by differentiating Newton's in- 
terpolation formula. Newton's formula . 



, , n (w - i) , 



w (n — i) . . . {n — k+ i) , 

+ \k *«' 



is true for all values of n if some order of differences, as the jfeth, is con- 
stant or approximately constant. 

Since x = oco + nhf therefore, dx = hdn, and 1^ = 7- j^t t^ = rs -tK* 

dx h dn dor h^ dv? 

* See Art. 106 on graphical differentiation. 
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Hence, 



g=i[oo+(2»-i)|+(3n«-6»+2)|+(4»»-i8n«+22»-6)^+...]." 

^ = p[6o + (n-i)c« + (6»«-i8n+ii)^+ • • •]• 

The values of these coefficients are tabulated for values of n between 
o and I at intervals of o.oi.* 

For the tabulated values xoi Xu . . . , Xn, we have w = o, so that for 
these values of x we have the simpler formulas 






^,[6o-cb+^do 



+ 



• • • 



]• 



dy . 



If the value of x for which ^ is required is near the end of the table, 

we may use similar formulas derived from the modified Newton's formula 
for end-interpolation (p. 217). 

Example. Find — and -~ f or jc = 3 and x = 3.3 from table (i) on 

p. 211 and check the results by differentiating y = x?. 

Since x = 3 is a tabulated value we apply the second set of formulas : 

d^y 



g = [37-i(a4)+f(6)] = 27; 



dx^ 



= [24 - 6] = 18. 



From 



y = *», 1 = 3^ = 27, g==6* = i8. 



For X = 3.3 we apply the first set of formulas, where Oo = 37, 60 = 24, 
Co = 6f n = 0.3. Then 

dx" 



g =[37 + (- 0.4)^+ (047)f]= 32.67; g = [24 + (- 0.7) 6]= 19.8. 



From 



y^a», g = 3** = 32.67. g = 6* = i9.8. 



Example. Rate of change. — The following table gives the results of ob- 
servation; 6 is the observed temperature in degrees Centigrade of a vessel 
of cooling water, / is the time in minutes from the beginirfng of observation. 

/ 



6 






I 


2 


3 


4 


92.0 


85-3 


79-5 


74-5 


70.2 



67.0 



To find the approximate rate of cooling when ^ = i and / = 2.5. 



* See Rice, Theory and Practice of InUrpolation. 
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From the table of differences 





» 


a' 


A> 


.■-■ 




92.0 


-6.7 






• 


85-3 


-5-8 


0.9 


-0 1 


a 


79.5 




0.8 


-0 1 


3 
4 
5 


74-5 
70.2 
67.0 


-4-3 
-3-2 


0.7 
I.l 


04 



when t= I, n = and ^ = j-S-S -^ (o.S) +-(-0.1) = -6.23; 

when t = 2.5, n = 0.5 and^ = -5.0 + + (- 0.25) fi^*j = 5.02. 

Example. Maximum and minimum. — The following table gives the 
results of measurements made on a magnetization curve of iron; B is the 
number of kilolines per sq. cm., n is the permeability (Fig. 104). 

£j_2_ |_L l_i_|^| ^1 _5_m_5Lm_9_ I JO. I jj_| j^LJ3_1 _y_|^ 
»l37o|57o|73ol865l985lio9o|ii75li245li295li33o|i34o|i3ao|i25o|iiao| 930 | 725 
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Fig, 104. 

To find the maximum permeability. In Fig, 104 the maximum perme- 
ability appears to be in the neighborhood of B = 10. We therefore tabu- 
late the differences of ^ in the neighborhood of B = 10. 



1330 
1340 
1320 
1250 
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For values of B between B = 9 and B = 10, we have 



dB ■ 



,o+(2«-i) 



r)+fe 



Jt*-6n+2) 



-?)] = 



For a maximum, 



o, hence 6 n' + 6 « - 



(ii-6n-6»»). 
= 0, and « = 0.94. 



Therefore, B = Bo + nh = 9.94. 

We find the corresponding value of /t by the interpolation formula, 
ft = 1330 + (o-94) (10) + (0.0282) (-30) + (o-oioo) (-20) = 1340. 
If we take account of A' and A' only, we get 



djx 



= IO+(2n-l) 



-3?V 



I = 0.83. and S = 9.83. 



dB' 

Then /» = 1330 + (0.83) (10) + (0.0275) (-30) = r337-5- 

105. Graphical integratioii. — Let us find the value of the definite 

integral / f{x)dx or the area under the curve y =flx) by graphical 

methods. We draw the curve y = /(x) (Fig. 1050) and along the ordinate 
at P {x, y) erect the ordinate y' whose value is a measure of the area under 





Fig. 1050. Fio. 1056. 

the curve y = f{x) from the initial point A (x = a) to the point P, i.e., 

y^ = j f{x) dx. Thus for every point P (x, y) we have a corresponding 

point P' (x, y). The curve traced by the point P' (marked / in the 
figure) is called the integral curve and the curve traced by the point P 
(marked A in the figure) is called the derivative curve. Evidently, if P 
and Q are two points on the A-curve and P' and Q' are their correspond- 
ing points on the /-curve, the difference of the ordinates of P' and Q', 
y" — yf, is a measure of the area under the arc PQ. 

The practical construction of the integral curve consists of the follow- 
ing steps (Fig. 1056). 
■^ (l) Divide the interval from Xa to x„ into « equal or unequal -intervals 
and erect the ordinates yo, yi v„. 



238 APPROXIMATE INTEGRATION AND DIFFERENTIATION Chat. IX 

(2) Measure the areas 'xoAiAiXi = y/, X(>AoAtXi = yt, . . . , 
XoAi^nXa = yn'. These areas may be found by means of a planinrieter 
or by the construction of the mean ordinates. Thus, the area Xi^oAiXi 
is equal to the area of a rectangle whose base is xo^i and whose altitude 
is the mean ordinate mi within that area. Similarly, the area XiAiAtXi 
is equal to the area of a rectangle whose base is xtXt and whose altitude is 
the mean ordinate mt within that area. Estimate the mean ordinates 
Ml, nh, Ml, . . . , m„ within the successive sections. Then 
yi' = mi (a:(p:i), jj' = yi + mt (xiiJCi), y/ = yt + rth (a^»). ■ ■ • 1 

y»' = Vn'-i + m„ (x„_ix,). 
If the intervals are all equal, i.e., xtXi = XtXt *=...= x,_i*, = Ax, 
then y' = 2ffiAx. (We shall later give a more exadt construction for the 
mean ordinate.) 

(3) At X\, Xt, xt, . . . , Xh erect or- 
dinates XiBi, xtB2 x»B, equal 

respectively to yi, yi', . . . , y«', and 
draw a smooth curve through the points 
Bo. 5i, Bj, . . . , S,. This last curve 
will approximate the required integral 
curve. 

Example. Construct the integral 
curve of the straight line y = i — x be- 
tween X = and X = 2. (Fig. 105c.) 

Divide the interval from a: = o to x — 2 
intb 10 equal parts and erect the ordinates- 
given in the table; here, Ax = 0.2. 




Fig. 105c. 
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It is evident that the mean ordinate in each section is merely one-half 
the sum of the end ordinates, so that the values of m sue easily found. 
Erect the ordinates / and draw a smooth curve throi^h the ends of the 

ordinates. The curve will approximate the parabola / = / (l - *) A 
-x-Jx*. 
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Example. The following table gives the accelerations o of a body 
sliding down an inclined plane at various times t, in seconds. To lind 
the velocity and distance traversed at any time, if the initial velocity 
and initial distance are zero. , 



o.32o|o.304|o,256|o.i76|. 



-0.136I -0.176J - 



).208| —0.240 



Since v = j adt and s = j vdi, the time-velocity curve is the integral 

curve of the time^acceleration curve, and the time-distance curve is in 
turn the integral curve of the time-velocity curve. 

In Fig. 105^, we have ptetted / as abscissas andji as ordinates. The 
units chosen are i in. = 100 sec., and 1 in. = 0.16 ft. per sec. per sec. 
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In each interval of loo sec. we have estimated the mean acceleration 
as the average of the accelerations at the beginning and end of the in- 
terval; thus, in the first interval, a^ = | (0.320 + 0.304) = 0.312. This 
is equivalent to replacing the arcs of the curve by their chords or to find- 
ing the area by the trapezoidal rule. Since the initial velocity is zero, 
the (/, v) curve joins / = o, i; = o with / = 100, v = 31.2, etc. We have 
drawn the (/, v) curve with a unit of i in. = 20 ft. sec. 

In each interval of 100 sec. we have estimated the mean velocity as the 
average of the velocities at the beginning and end of the interval; thus in 
the first interval, t^m = I (o + 31.2) = 15.6. Since the initial distance 
is zero, the (/, s) curve is drawn through the points t = o, s = o^t = 100. 
5 = 1560, etc. The unit chosen is i in. = 10,000 ft. 

The tables for v and s give the velocity and distance at the end of each 
100 seconds, and we may interpolate graphically or numerically for the 
velocity and distance at any time between / = o and / = looo. 

In the foregoing discussion the accuracy of the construction of the 
integral curve depends largely upon the construction of the mean ordi- 
nates in the successive intervals. If the intervals are very small, we may 

get the required degree of accuracy by replacing 
the arcs by their chords and taking for the mean * 
ordinate the average of the end ordinates. 

The approximation of the mean ordinate 
for the arc AqAi (Fig. I05e) is equivalent to 
finding a point M on the arc such that the area 
under the horizontal CqCi through M is equal 
to the area under the arc AoAior such that the 
shaded areas AqCqM and AiCiM are equal. By means of a strip of cellu- 
loid and with a little practice the eye will find the position of M quite 
accurately, for the eye is very sensitive to differences in small areas. 

We may draw the integral curve by a purely graphical process. Let 
us first consider the case when the derivative curve is the straight line 
AB parallel to the :jc-axis (Fig. 105/). Choose a fixed point S at any con- 
venient distance a to the left of 0. Extend AB to the point K on the y- 
axis and draw SK, Through A' (the projection of A on the :x:-axis) draw 
a line parallel to SK cutting the vertical through B in B\ Then, the 
oblique line A^B' is the integral curve of the horizontal line AB. For, if 
P and P' are two corresponding points, then 

/ : A'Q = yo : fit, or y = i (yo X A'Q) = i X (area under AP). 

CL Or 

Similarly, for another horizontal CD, with C and B in the same verti- 
cal line, extend CD to the point L on the y-axis and draw SL; through B" 
draw a line parallel to SL cutting the vertical through D in C" ; then, the 
oblique line 5"C" is the integral curve of. the horizontal CD. Finallyt 
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draw B'C parallel toB"C"or to 5L;then the broken oblique line ^'5'C' 
is the integral curve of the broken horizontal line ABCD, 

Consider, now, any curve. Divide the interval from ocutox^ into n 
parts and erect the ordinates (Fi2. I05g). Through An, Ai, Ay . . . , 
draw short horizontal lines. Cut the arc AtAt by a vertical line making 
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Fig. 105/. 

the small areas bounded by this vertical, the arc, and the horizontals 
through Ao and A\, equal. Proceed similarly for the succeeding arcs. 
Then construct the integral curve of the stepped line by the method 
explained above.. Choose a point 5 at a convenient distance a to the left 
of and join S with the points Co, Ci, Cj, , . . , in which the extended 
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horizontals .cut the y-axis. Then, starting at B3, draw a line through Bo 
Parallel to 5Co until it cuts the first vertical; through this point draw a 
■line parallel to SC\ until it cuts the second vertical, etc. The points 
Where the resulting broken line cuts the ordinates at A^, A\, A%, . . . , 
•-«., the points 5o, Bi, B\, . . . , are points on the required integral curve; 
for at each of the points ^0, ^1, ^:, ... 1 the area under the curve from 
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Ao to that point is equal to the area under the stepped line; so that a 
smooth curve through the points -Bo, Bu -B2, . . *. will be the required 
integral curve. 

Since y' — - \ y dx, therefore, -^ = - y, so that the slope of the 

integral curve at any point is proportional to the ordinate of the deriva- 
tive curve at the corresponding point. Furthermore, by the construc- 
tion, the slopes of the oblique lines through Bot Bu -B2, . . . are propor- 
tional to the ordinates yo, yu ^2, . . . , so that these oblique lines are 
tangent lines to the required integral curve at these points. We can 
thus get a more accurate construction of the integral curve by drawing 
the curve through the points So, Bu ^2, . . . , tangent to the oblique 
lines through these points. 

The polar distance SO = a is constructed with the same scale unit as 
the abscissa x, and the ordinate y' is measured with the same scale unit 
as the ordinate y. 

Example, Determination of the mean spherical candle-power of a mazda 
lamp. — In testing a lamp for the m, s. c, p,, the intensity of illumination 
is measured every 15° by means of a rotating lamp and a photometer. 
The following table gives such measurements for a particular case: • 



Angle e"" 





15 
13-0 


30 
15.4 


45 


60 
31.0 


75 


90 


105 


120 


135 


150 


165 


180 


c-p 


11.55 


22.4 


38.8 


42.7 


43-9 


45.2 


32.0 


21.8 


9.1 






According to the well-known Rousseau diagram, a semicircle is drawn 
(Fig. 105A) and divided into 15° sections, and perpendiculars are dropped 
from the points of division to the diameter, Xo, Xu 5:2, .. . , Xw Upon 
these perpendiculars the values of c-p are laid off as ordinates. The area 
under the curve ^0^1-42 ... -4 12 determined by these ordinates divided 
by the length of the base is the m. s, c. p. of the lamp, and this value 
multiplied by 4 tt will give the flux in lumens. 

To measure the required area we have constructed the integral curve 
(Fig. 105A) by the method described above. We chose 7 in. for the 
length of the diameter of the circle and i in. = 10 c-p in laying off the ordi- 
nates. The y-axis or axis to which the horizontals are extended is drawn 
5 in. to the right of the point -4o, so that the polar distance is AqO = a 
= 5 in. 

The area under the curve -4 ©^4 1^4 2 . . . -4 12 is measured by the ordi- 

nate XiaJBu = 4.66. Since y' = - X area, therefore area = a X y^ = 5 

a 

X 4.66 = 23.3 sq. in. Since i in. on the scale of ordinates represents 

2% "^ X 10 
10 C'p and the base of the diagram is 7 in., the m, s, c. p. = -^^ 

= 33-3 ^'P' The straight line AoBn will cut the y-axis in a point D such 
that OD read on the c-p scale will also give the m, s. c. p., for 
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We measure OD = 33.0 c-p. 




Having drawn the integral curve we may immediately find the 
m. s. c. p. of any portion of the lamp between two sections. Thus, for 15° 
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on each side of the vertical, the m. s, c. p, is found by drawing -4oE parallel 
to Bf^^ and reading OE = 42.0 c-p on the candle-power scale, since 

OE X7B7 — x^i ^^ area under -45^4 7 

or OE = i = m. s. c, p. 



a 



JC6X7 



base 



Similarly the m. s. c, p, of the section above a horizontal plane 
through the lamp is measured by OF = 37.0 c-p, and the m, s. c, p. of 
the section below a horizontal plane through the lamp is measured by 
OG = 29.5 C'p, 

106. Graphical differentiation. — If the integral curve y' = /(jc) is 

dy' 
given we may construct the derivative curve y = -j- by using the prin- 
ciple that the ordinate of the derivative curve 
at any point P (jc, y) (Fig. io6a) is equal to 
the slope of the integral curve or of the 
tangent line P'T at the corresponding point 
Pr{x,y'). 

The practical construction of the deriva- 
tive curve consists of the following steps: 
(i) Divide the interval from Xo to Xn (Fig. 
1066) into n parts and erect the ordinates 
V> yi', ^2', . . . , ^n'. (2) Construct the 
tangents at J5o, J5i, J52, . . . , -Bn and measure their slopes. (3) At :ro, 
Xu . . . <t Xn erect ordinates xji^ = yo, XiAi = yu . . . 1 XnAn = yn, where 





oct X 



Fig. 1 06ft. 



the y's are proportional to the corresponding slopes, and draw a smooth 
curve through the points i4o, A^ A2, . . . , An* This curve will ap- 
proximate the required derivative curve. 
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Example. The following table gives the pressure p in pounds per 
sq. in. of saturated steam at temperature 0° F. Construct the curve 
showing the rate of change of pressure with respect to the temperature, 
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3.9 

3-7 
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1.06 
1. 14 
i.ig 

1-25 

(.28 
I 35 
1.43 
'■47 
153 



In the above table we have approximated dp/d$ by A^/Atf, i.e., we 
have replaced the (9, p) curve by a series of chords, and the slopes of the 
tangents by the slopes of these chords. We then plotted (S, A/*/iS) and 
, joined the points by a smooth curve (Fig. io6c). 
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It is evident that the difficulty in the construction of the derivative 
curve lies in the construction of the tangent line to the integral curve. 
The direction of the tangent line at any point is not very well defined by 
the curve. As a rule it is better to draw a tangent of a given direction 
and then mark its point of contact than to mark a point of contact and 
then try to draw the tangent at this point. A strip of celluloid on the 
under side of which are 2 black dots about 2 m.m. apart may be moved 
over the paper so that the two dots coincide with points on the integral 
qurve and so that the secant line which they determine is practically 
identical with the tangent line. If the arc AB (Fig. io6d) is approxi- 
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mately the arc of a parabola, we have a more accurate construction of the 
tangent; the line joining the middle points M and M' of two parallel 
chords AB and A'B' intersects the curve in P, the point of contact, 
and the tangent FT is parallel to the chord AB. 

We may also draw the derivative 
curve by purely graphical methods. 
The process is the reverse of the 
process described for constructing 
the integral curve (Art. 105). Let 
5o, -Bi, 52, . . . be the points of 
contact of tangent lines to the in 
tegral curve (Fig. 105^). Choose a 
fixed point 5 at a convenient dis- 
tance a to the left of the y-axis and 
draw the lines 5Co, 5Ci, 5C2, . . . , 
parallel respectively to the tangent lines at -Bo, 5i, ^2, .... Project 
the points Co, Ci, C2, . . . , horizontally on the ordinates at -Bo, Bu 
52, . . . , cutting these ordinates in i4o, A\, Ai, .... The points 
^0, A\, Ai, . . . , arc then points on the required derivative curve, 
since BJi^ -7- a = slope of SCo = slope of tangent at 5o, etc. We may 
now join the points Aq, Au A2, ... by a smooth curve, or we may get 
,j:reater accuracy by using the stepped line of horizontals and verticals. 
*1rhu9, we draw the horizontals through the points i4o, Au A%, . . . , and 
the verticals through the points of intersection of consecutive tangents 
to the integral curve. The arcs ilo^i, i4 1-42, . . . , are now drawn so 
that the areas bounded by each arc, the horizontals, and the vertical, 
are equal. 

107. Mechanical integration.* The planimeter. — This is an in- 
strument for measuring areas. Consider a line PQ of fixed length / 
moving in any manner whatever in the plane of the paper. The motion 
of the line at any instant may be thought of as a motion of translation 
combined with a motion of rotation. Suppose the line PQ sweeps out 
the elementary area PQQ'P' = dS (Fig. 107a). This may be broken up 
into a motion of translation of PQ to P"Q' and a motion of rotation 
from P^'Q' to P'Q\ If dn is the perpendicular distance between the 
parallel positions PQ and P'Q' and d<l> is the angle between P"Q' and 
P'C, then 

dS^ldn + \Pd4>. 

* For descriptions and discussions of various mechanical integrators see:~Abdank» 
Abakanowicz, Les Integraphes (Paris, Gauthier-Villars) ; Henrici, Report on Planitneters 
(Brit. Assoc. Ann. Rep., 1894, p. 496); Shaw, Mechanical Integrators (Proc. Inst. Civ. 
Engs., 1885, p. 75); Instruments and Methods of Calculation (London, G. Bell & Sons); 
Dyck's Catalogue; Morin's Les Appareils d* Integration. 
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Now if PQ carries a rolling wheel PT, called the integrating wheel, whose 
axis is parallel to PQ (Fig. 1076), then, while PQ moves to the parallel 
position P''Q\ any point on the circumference of this wheel receives a 
displacement dn, and while P"Q' rotates to the position P'Q', this point 
receives a displacement a d<f>, where a is the distance from Q to the plane 





Fig. 1070. 



Fig. 107ft. 



of the wheel. So that, as PQ sweeps out the elementary area dS, any 
point on the circumference of the wheel receives a displacement , 

ds = dn -{- a d<t>. 
Therefore, dS = Ids — ald4) + \ l^d<i>. 

Hence the total area swept out by PQ is 



S = 1 fds-al jd<t> + ^P Cd<t>. 




Fig. 107c. 

Now, if PQ comes back to its original position without turning com- 
pletely around, then the total angle of rotation / d<^ = o, so that 

S = Is, 

where s is the total displacement of any point on the circumference of the 

integrating wheel. 

But if PQ comes back to its original position after turning completely 

around, then 

S == Is - 2val + vP. 
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The most common type of planimeter is the Amsler polar planimeter * 
(Fig. 107c). Here, Fig. iojd\ by means of a guiding arm OQ, called the 
polar arm, one end Q of the tracer arm PQ is constrained to move in a 
circle while the other end P is guided around a closed curve c-c^c- . . . 
which bounds the area to be measured. Then the area Q!P'PP"Q"QQ 
is swept out twice but in opposite directions and the corresponding dis- 
placements of the integrating wheel cancel, so that the final displacement 
gives only the required area c-c-c- .... The circumference of the 
wheel is graduated so that one revolution corresponds to*a certain definite 
number of square units of area. 

P' 



P ^^p^ 




Fig. 107^. 

The ordinary planimeter used for measuring indicator diagrams has 
/ = 4 in. and the circumference of the wheel is 2.5 in.; hence one revolu- 
tion corresponds to 4 X 2.5 = 10 sq. in. The wheel is graduated into 10 
parts, each of these parts again into 10 parts, and a vernier scale allows 
us to divide each of the smaller divisions into 10 parts, so that the area 
can be read to the nearest hundredth of a sq. in. The indicator diagram 
on p. 228 gives a planimeter reading of 2.55 sq. in., which agrees with the 
result found by Simpson's rule with 15 ordinates. 

The polar planimeters used in the work in Naval Architecture usually 

have a tracer arm of length 8 in., and a wheel of circumference 2.5 in., so 

that one revolution corresponds to 20 sq. in., thus giving a larger range 

for the tracing point. If the area to be measured is quite large, it may be 

split up into parts and the area of each part measured; or the area may 

be re-drawn on a smaller scale and the reading of the wheel multiplied 

by the area-scale of the drawing.! 

♦ This instrument was first put on the market by Amsler in 1854. 

/ HPQ (Fig, 107 d) turns completely around, the required area is 5 + ^ iOQ)K 
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If very accurate results are required, account must be taken of several 
errors, (i) The axis of the integrating wheel may not be parallel to the 
tracer arm PQ. This error can be partly eliminated by taking the mean 
of two readings, one with the pole to the left of the tracer arm, the other 
with the pole to the right * (Fig. loye). 
This cannot be done with the ordinaiy 
Ainsler planimeter because the tracer 
arm is mounted above the polar arm, 
but can be done with any of the Coradi 
or Ott compensation planimeters; one 
of these instruments is illustrated in 
Fig. 107/. (2) The integrating wheel 
may slip; some of this slipping may be 
due to the irregularities of the paper 
and has been obviated by the use of 
disc planimeters, in which the recording 
wheel works on a revolving disc instead 
of on the surface of the paper. 

Various types of linear planimeters have been constructed. These 
differ from the polar planimeters in that one end of the tracer arm is 





Fig. 107/. 

constrained to move in a straight line instead of in a circle. Planimeters 
of the linear type form part of the integrators described in Art. 108. 

Various other types of planimeters 
have been constructed, which do not 
have an integrating wheel. One of the 
best known of these is that of Prytz, 
also known as the hatchet planim- 
eter.t In this form of the instrument 
(Fig. 1071:) the end Q forms a knife- 
^ edge so that Q can only move freely 

rIG. I07£» , 11» T>/^TTT1 ■»-» 1 

along the line PQ, When P traces the 
given curve, Q will describe a curve such that PQ is always tangent to it. 

• For a proof of this statement, see Instruments and Methods of Calculation, p. 196. 
t For the theory of this instrument, see F. W. Hill, Phil. Mag., xxxviii, 1894, p. 265. 




250 APPROXIMATE INTEGRATION AND DIFFERENTIATION Chap. DC 

Prytz starts the instrument with the point P approximately at the 
center of gravity G of the area to be measured, moves P along the radius 
vector to the curve, completely around the curve, and back along the 
same radius vector to G, The required area is then given approximately 
by P<t>, where / is the length PQ and <^ is the angle between the initial 
and final positions of the line PQ. 

1 08. Integrators. — The Amsler integrator is practically an extension 
of the linear planimeter. In the latter instrument, the end Q of the tracer 
arm PQ of constant length /, is constrained to move in a straight line X'X, 
while the tracing point P describes a circuit of the curve. If the axis of 
the integrating wheel attached to PQ makes a variable angle m.a with 
X'X (Fig. io8a) at each instant, the point P will have for ordinate 

ym = I sin wa, and the area described by P will be j I sin ma dx. On 

the other hand, the area described by P is equal to / times the displace- 
ment of any point on the circumference of the integrating wheel ; hence 

1 sin ma dx is equal to the displacement of a point on the circumference of 

an integrating wheel whose axis makes an angle ma with X'X, 





Fig. io8a. Fig. io8ft. 

Now, given a curve c-c-c- . . . (Fig. 1086), 

Area = j y dx = j Isinadx = I j sina dx. 

,y = - I y^dx "^ " / ^^sin^ad^: = - / (l — cos2 a) dx 



Moment of area 
about X 



= - / Jjc /sin (90° — 2a)dx 

= — - /sin (90° — 2 a) dx, since j dx = o, 

the arm PQ returning to its original position when P makes a complete 
circuit of the curve. 

Moment of inertia iTj^ iTn-aj ^ T/S • i . \ , 

of area aboutZ'X = 3 J ^^''^iJ ^«'"'«'^*=3 J (f sma--sm3«)d* 

= - / sin a dx — — I sin ^adx. 
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Now, / sin a dx, j sin (90" — 2 a) dx, and I sin 3 a dx, and hence 

the area, moment, and moment of inertia can be measured by three in- 
tegrating wheels whose axes at any instant make angles a, 90° — 2 a, 
and 3 a, respectively, with X'X. 

The Amsler i-wheel integrator (Fig. io8c) consists of an arm PQ and 
3 integrating wheels A , M, and /. The instrument is gtiided by a carriage 
which rolls in a straight groove in a steel bar; this bar may be set at a 
properdistancefrom the hingeof the tracer arm by the aid of trams. The 




Fig. io8e. 



line X'X, which passes through the points of the trams and under the 
hinge, is the axis about which the moment and moment of inertia are 
measured. The radius of the disk containing the Af-wheel is one-half 
the radius, and the radius of the disk containing the /-wheel is one-third 
the radius of the circular disk D to which they are geared. Therefore, 
the axis of the M-wheel turns through twice, and the axis of the /-wheel 
turns through three times the angle through which the tracer arm PQ or 
the axis of the ^-wheel swings from the axis X'X. 

The integrating wheels are set so that in the initial position, i.e., when 
P lies on X'X, the axes of the A- and /-wheels are parallel to X'X while 
the axis of the Af-wheel is perpendicular to X'X. Then, when the tracer 
arm PQ makes an angle a with X'X, the axes of the A-, M-, and /-wheels 
make angles a, 90" — 2 «, and 3 a, respectively, with X'X. Further- 
ijiore, the graduations of the Jlf-wheel are marked so that these gradua- 
tions move backward while the graduations on the other wheels move 
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forward. Hence, when P has completed the circuit, and if a, w, and i are 
the displacements of points on the circumferences of the A-, M-, and 7- 
wheels, respectively, we have 

P . P P , 

Area = la; Moment = - w; Moment of Inertia = -a i. 

4 -^ 4 12 

The wheels are graduated from i to lo so that a reading of 5, for 
example, means 5/10 of a revolution. The constants by which these 
readings are multiplied depend upon the length of the tracing arm and 
the circumferences of the integrating wheels. In the ordinary instru- 
ment, / = 8 in. and the circumferences of the -4-, M-, and /-wheels are 

Ca = 2.5 in., Cm = 2.5 in., Cj = 2.34375 in. 

Thus, to find the 

area^ a must be multiplied by 8 X 2.5 = 20; 

8^ 
moment, m " " " " — X 2.5 = 40; 

4 

83 
moment of inertia, a " " " " -- X 2.5 = 320, 

4 

83 
and i " " ** " li^ 2.34375 = 100. 

Finally, if ai, 02, Wi, m^, and ii, i^ are the initial and final readings of 
the -4-, Af-, and /-wheels, we have 

Area = 20 {a^, — ai) ; Moment = 40 {m% — mi) ; 

Moment of Inertia^ 320 (02 — ai) — 100 (12 — ii). 

109. The integraph. — This is a machine which draws the int^^al 

curve, y' = I fix) dx, of the curve y = f{x). The most familiar type of 

such machines is the one invented by Abdank-Abakanowicz in 1878. 
The theory of its construction is very simple. A diagram of the machine 
is given in Fig. 109a. The machine is set to travel along the base line of 
the curve to be integrated, and two non-slipping wheels, W, ensure that 
the motion continues along this axis. The scale-bar slides along the main 
frame as the tracing point P, at the end of the bar, describes the curve 
y = /(^) to be integrated. The radial-bar turns about the point Q which 
is at a constant distance a from the main frame. The motion of the re- 
cording pen at Pi is always parallel to the plane of a small, sharp-edged, 
non-slipping wheel w, and by means of the parallel frame-work ABCD, 
the plane of the wheel w is maintained parallel to the radial bar [since w 
is set perpendicular to AB which is parallel and equal to CD throughout 
the motion, and the radial bar is set perpendicular to CD], As the point 
P describes the curve y = fix), the angle d between the radial-bar and the 
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axis, and consequently the angle 9 between the plane of the wheel and the 
axis, are constantly changing, and the recording pen at Pi draws a curve 
with ordinate y' such that its slope 



dx 



y_m 



y' =■- I Six) dx=- X area ORP, 



so that the curve drawn by Pi is the integral curve of the curve traced 
hyp. 




If we now set the machine so that the point P traces the integral curve, 
then the recording pen Pi will draw its integral curve 

y" . Jy i. = j[Jy &) <fc -JJy d^. 

^ We may thus draw the successive integral curves y', y", y"' Fig. 

,1096 gives the integral curves connected with the curve of loads of the 
\ shaft of a Westinghouse-Rateau Turbine. The curve of loads is repre- 
t sented by the broken line in the figure. By successive integration we get 

the shear curve, the bending moment curve] the slope curve, and the 

deflection curve. The distance marked "offset" is the distance OOi in 

Fig. 109a, 
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IIO. Mechanical differentiation. The Differentiator. — This is a 

machine which draws the derivative curve y' = -j- of the curve y = f{x). 

Since the ordinate of the derivative curve is equal to the slope of the in- 
tegral curve, it is necessary to construct the tangent lines at a series of 
points of the integral curve. We have already mentioned (Art. io6) the 
use of a strip of celluloid with two black dots on its under side to deter- 
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mine the direction of the tangent. This scheme is used in a differentiating 
machine constructed by J. E. Murray.* In a differentiating machine 
recently constructed by A. Elmendorf,t a silver mirror is used for de- 
termining the tangent. The mirror is placed across the curve so that 
the curve and its image form a continuous unbroken line, for then the 
surface of the mirror will be exactly normal to the curve, and a perpen- 
dicular to this at the point of intersection of the mirror and the curve will 
give the direction of the tangent line. If the surface of the mirror de- 

♦ Proc. Roy. Soc. of Edinburgh, May, 1904. 

t Scientific American Supplement, Feb. 12, 1916. ; 
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viates even slightly from the normal, a break will occur at the point where 
the image and curve join. It is claimed that with a little practice a re- 
markable degree of accuracy can be obtained in setting the mirror. 

Fig. no gives a diagram illustrating the working of this machine. 
The tracing point P follows the curve y = f{x) so that the curve and its 
image in the mirror MP form a continuous unbroken line; then the arm 
PT, which is set perpendicular to the mirror, will take the direction of the 
tangent line to the curve. The link PR, of fixed length a, is free to move 
horizontally in the slot X'X' of the carriage C, The vertical bar SU 
passes through R and is constrained to move horizontally by heavy rollers. 
The point Q slides out along the tangent bar PT and also vertically in the 
bar SU, carrying with it the bar QP'. If we choose for the a:-axis a 
line XX whose distance from X'X' is equal to QP', then the point P' 
will draw a curve whose ordinate is equal to y' = RQ, But RQ/a is 

the slope of the tangent PT, hence, y' = a X -^, and the curve drawn 

ax 

by P' is the derivative curve of the curve traced by P. 

The machine is especially useful for differentiating deflection-time 

curves to obtain velocity-time curves, and by a second differentiation, 

acceleration-time curves. It is also helpful in solving many other 

problems. 

EXERCISES. 

Apply the approximate rules of integration (Art. loi) to the following examples: 

J«1.0 ^jp 
, — , when A = o. I , and when h = 0.05, and compare the results with 
0.2 * 

the values obtained by integration. 

2. Evaluate ) s^nxdx, when h = 2»2indwhen A= ~, and compare the results 

•/O O 12 

with the values obtained by integration. 

3. The arc of a quadrant of an ellipse whose eccentricity is 0.5 is given by 

J Vi — 0.25 sin" 4> d<f>. Evaluate the integral when h = 9®. 

rdx 
,. =^ , when h = 0.5. 

' Vx^ - x + I 

5. The semi-ordinates in ft. of the deck plan of a ship are 

3, 16.6, 25.5, 28.6, 29.8, 30, 29.8, 29.5, 28.5, 24.2, 6.8; 
these measurements are 28 ft. apart. Find the area of the deck. 

6. Given the following data for superheated steam 



2 


4 


6 


8 


105 


42.7 


25.3 


16.7 



ID 



p 105 42.7 25.3 16.7 13 

Find the work done. 
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7. Tbe lei^h of an indicator diagram is 3.6 in. The widths of the diagram, 0.3 in. 

o, 0.40, 0.52, 0.63, 0.72, 0.93, 0.99, i.oo, i.oo, i.oo, i.oo, 0,97, o. 
Find the mean effective pressure. 

8. The length of an indicator diagram is 3.3 in. The widths of the diagram, 0.2 in. 
apart, are 



0.64, 



0.48. 



0.36, 



0.26, 



Find the mean effective pressure. 

9. The speed of a car is v miles per hour a 



Find the dbtance traversed in 30 seconds. 

10. s is the specific heat of a tiody at temperature 9° C. 

fl I O I 3 I 4 I 6 I 8 I 10 I '2 

J I 1.00664 1 1-00543 I 1-00435 I 1-00331 | 1.00233 I 1-00149 | 1x30078 

Find the total heat required to raise the temperature of a gram of water from 0° C. to 

12° C. (total heat = f ' sdB). 

11. The areas in sq. ft. of the sections of a ship above the keel and two feet apart are 

2690, 3635, 4320, 4900, 5400. 
Find the total displacement in tons. 

12. A reservoir is in the form of a volume of revolution and D is the diameter in ft. 
at a depth of p feet beneath the surface of the water. 

p I o I 16 I 33 I 48 I 64 I ao I 96 



105 



66 



Find the number of gallons of water the reservoir holds when full. 

13. A plane board is immersed vertically in water. The widths of the board in ft. 
parallel to the surface of the water and at depths } ft. apart are 

4.0, 3.6, 3.0, 1.7, 1.3, 1.0, 0.8, 0.6, 0.1. 



Find the pressure on the board and the depth of the ct 
of the water is level with the top of the board. 

14. The half-ordinates in ft. of the mid-ahip sec 
apart are 

12.2, 12.5, 12.6, 12.7, 12.7, 12.5, 12.1, 
Find the position of the center of gravity of the section. 

15. The shape of a quarter-section of a hollow pillar is given by the following table. 
The axes of x and y are the shortest and longest diameters. 



er of pressure when the surface 
n of a vessel at intervals 2 ft. 
[I.5, 10.1, 6.5, 0.2. 



*in. 


6 
5 


0^ 
5-95 

4-90 


0.50 
5-90 

4.78 


'HI 

5.83 
4.S5 


1.0O 

5.76 

4-45 


L£5 

5.64 

4.22 


L50 
5.48 

3-80 


1:75 

5.22 

3.40 


2.00 


2-2=; 


2.50 


2.75 


.1.00 


,VS5 


1.50 


side 
yiin 


4.99 


4.68 


4-35 




3-25 


2-34 




side 
J. in 


2-77 


2.o8 


' 











of inertia of tbe section about the x- and y- axes. 
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16. Apply the formulas for numerical differentiation (p. 235) to table (2) y — x^ on 

dy d^y 
p. 211, and find ■—■ and -t4 when oc = 5.31 and x = 5.33. Check the results by actual 

differentiation. 

17. Apply the formulas for numerical differentiation (p. 235) to table (8) y = log sin x 
on p. 212, and find -p and -r^ when x = 1° 20' and 3C = i® 24'. Check the results by 
actual differentiation. 

18. In the following table, s is the distance in ft. which the projectile of a gun travels 
along the bore in / sec. 



5 






I 


2 


3 


4 


5 


6 


7 


/ 


0.0360 


0.0490 


0.0598 


0.0695 


0.0785 


0.0871 


0.0953 



8 



10 



0.1032 1 o.i 109 I 0.1 184 

Find the velocity v —-r. —^/i~* ^^^ ^^^ acceleration a =;i^= '^d^/\T) ^^^^ ^ ~ 
5 ft. 

19. Use the data given in Ex. 6 to find the rate of change of the pressure with re- 
spect to the volume, dp/do, when v = 4. and w = 5. ' 

20. Use the data given in Ex. 9 to find the acceleration, ^ == jT » when ^ = 10 and 
/ = 12. 

21. Find the minimum value of the polynomial which has the values 






2 


4 


3 


3 


II 



27 

22. The following table gives the results of measurements made on a normal in- 
duction curve for transformer steel; 5 is the number of kilolines per sq. cm.; /x is the per- 
meability. 

B 



u 



I 


2 


3 


4 


5 


6 


7 


8 


9 


10 


II 


625 


870 


1035 


1210 


1350 


1465 


1520 


1480 


1430 


1370 


1280 



12 



1 130 



Find the maximum permeability. 

23. Construct the integral curve of the parabola y^x — io^disx varies from o to 2. 

24. Construct the integral curve of the sine wave y = 2 sin 2 ac as ac varies from o to t. 

25. The following table gives the accelerations a of a body sliding down an inclined 
plane for various distances 5 in ft. 



5 





100 


200 
0.256 


300 


400 


500 


600 


700 


800 


900 


1000 


a 


0.320 


0.304 


0.176 


0.080 


—0.016 


—0.080 


-0.136 


— 0.-176 


—0.208 


— 0.240 



Use the method employed in the illustrative example on p. 239 for drawing the integral 

curves and determining the velocity, » = y 2 I ads, and the time, t = j -ds, for any 
distance, if t; = o and / = o when 5 = 0. 

26. The following table gives the accelerations a of a body at various velocities v in 
ft. per sec. 






I 


2 


0.405 


0.360 


0.283 



0.179 I 0.069 



0.013 



Draw the integral curves to determine the time, / = \ -dv, and the distance, 5 = j - cto, 
lor SLXiy velocity, if / * o and 5 = when t; = o. 
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27. In the following table 






I 


4 


6 


8 


11.5 


15 


19 


38,000 


38,500 


38,500 


35,500 


27,500 


19,000 


15,700 


11,000 



20 



3850 



P is the resultant pressure in pounds on the piston of a steam engine at distances 5 inches 
from the beginning of the stroke. Draw the integral curve to find the work done as the 



piston moves forward. ( Work = j P ds.j 



28. A car weighs 10 tons. It is drawn by a pull of P lbs.; t is the time in seconds 
since starting. 



/ 





2 


5 


p 


1020 


980 


882 



8 



720 



10. 



13 



16 



19 



713 



722 



22 



805 



702 I 650 

If the retarding friction is constant and equal to 410 lbs., draw the integral curve to find 
the speed of the car at any time. ( Momentum = I (P — 410) dt. J 

29. In the following table 



t 



V 



0.00490 


0.00598 


869 


987 



0.00695 1 0.00785 



1074 I I 142 



0.00871 10.00953 



0.01032 0.01109 



1277 



1309 



O.OII84 



1335 



I 195 I 1242 

V is the velocity of projection in ft. per sec. in the bore of a gun at time t sec. from the 
beginning of the explosion. If 5 = 2 ft. when / = 0.00490 sec, draw the integral curve 
to show the relation between the distance and the time. 

30. A beam 10 ft. long is loaded as in the following table, where w is the weight per 
unit length at distances x ft. from the free end. 

X 



w 






I 


2 


3 


4 


5 


2 


2.5 


3.7 


5.5 


7.7 


9.7 



II.2 12.2 



8 


9 


10 


11.8 


10.2 


7.2 



Draw integral curves to show (i) the shearing force, 5 = jw dx and (2) the bending 

moment, M = i s dx. 

31. The following table gives the measurements for every 15® of the intensity of 
illumination of a lamp. 



Angle d' 
c-p 



15 

60.5 88.0 


30 
99.5 


45 
86.5 


60 
50.0 


75 
31.0 


90 
29.0 


105 


120 


135 


150 


165 


29.0 


28.0 


20.0 


15.0 


13.0 



180 



12.5 



Apply the method of the illustrative example on p. 242 to find the m,s.c.p, for various 
sections of the lamp. 

32. In the following table 







10 


20 


30 


40 


50 


60 


70 


80 


90 


156 


608 


1308 


2180 


3132 


4076 


4942 


5676 


6236 



100 



6588 



s is the. distance in ft. traversed by a body weighing 2000 lbs. in t sec. Draw the deriva- 
tive curves to show the velocity and acceleration at any time. Also draw the curve 
showing the relation between the kinetic energy and the force. 

33. The observed temperature in degrees Centigrade of a vessel of cooling water 
at time / in min. from the beginning of observation are given in the following table: 

20 



e 






I 


2 


3 


5 


7 


10 


15 


92.0 


85.3 


79.5 


74.5 


67.0 


60.5 


53.5 


45.0 



39.5 



Draw the derivative curve to show the rate of cooling at any time. 



INDEX. 



Adiabatic expansion formula, 48 

chart for, 33, 49 
Alignment or nomographic charts (see 
also Charts, alignment or nomo- 
graphic) 
fundamental principle of, 44 
with curved scales, 106 
with four or more parallel scales, 55 
with parallel or perpendicular index 

lines, 87, 91, 97 
with three or more concurrent scales, 104 
with three parallel scales, 45 
with two intersecting index lines, 68 
with two or more intersecting index 

lines, 76 
with two parallel scales and one inter- 
secting scale, 65 
Approximate differentiation, 224 
Approximate integration, 224 
Area, 

by approximate integration rules, 227 
by planimeter, 246 
Armature or field winding formula, 90 
chart for, 90 

Bazin formula, 1 01 
chart for, 102, 116 

Center of gravity, by approximate inte- 
gration rules, 231 

Chart, alignment or nomographic, for 
adiabatic expansion, 49 
armature or field winding, 90 
Bazin formula, 102, 116 
Chezy formula for flow of water, 58 
D'Arcy's formula for flow of steam, 81 
deflection of beams, 72, 73, 86 
discharge of gas through an orifice, 89 
distributed load on a wooden beam, 83 
focal length of a lens, 106 
Francis formula for a contracted weir, 

109 
friction loss in pipes, 94 



Chart, Grasshoff's formula, 51 

Hazen- Williams formula, 60 

horsepower of belting, 54 

indicated horsepower of a steam en- 
gine, 63 

Lam6 formula for thick hollow cvlin- 
ders, 92 

McMath "run-off," formula, 49 

moment of inertia of cylinder, 100 

multiplication and division, 47 

prony brake, 70 

resistance of riveted steel plate, 103 

solution of quadratic and cubic equa- . 
tions, 112 

specific speed of turbine and water 
wheel, 75 

storm water run-off formula, 108 

tension in belts, 54 

tension on bolts, 67 

twisting moment in a cylindrical shaft, 

78 
volume of circular cylinder, 49 

volume of sphere, 49 

Charts, hexagonal, 40 

Chart with network of scales, for 
adiabatic expansion, 33 
chimney draft, 38 • 
elastic limit of rivet steel, 34 
equations in three variables, 28 
equations in two variables, 20 
multiplication and division, 30, 31 
solution of cubic equation, 36 
temperature difference, 39 

Chezy formula for flow of water, 56 
chart for, 58 

Chimney draft formula, 37 
chart for, 38 

Coefficients in trigonometric series evalu- 
ated, 
by six-ordinate scheme, 179 
by twelve-ordinate scheme, 181 
by twenty-four-ordinate scheme, 185 
for even and odd harmonics, 179 



XI 
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INDEX 



Coefficients in trigonometric series evalu- 
ated, 
for odd harmonics only, i86 
for odd harmonics up to the fifth, 187 
for odd harmonics up to the eleventh, 

189 
for odd harmonics up to the seventeenth, 

191 

graphically, 200 

mechanically, 203 

numerically, 179, 186, 192, 198 
Constants in empirical formulas deter- 
mined by 

method of averages, 124, 126 

method of least squares, 124, 127 

method of selected points, 124, 125 
Coordinate paper, 

logarithmic, 22 

rectangular, 21 

semilogarithmic, 24 

D'Arcy*s formula for flow of steam, 79 

chart for, 81 
Deflection of beams, 70, 71, 84 

chart for, 72, 73, 86 
Differences, 210 
Differentiation, approximate, 224 

graphical, 244 

mechanical, 255 

numerical, 234 
Diflferentiator, 255 
Discharge of gas through an orifice, 89 

chart for, 89 
Distributed l6ad on a wooden beam, 80 

chart for, 83 
Durand's rule, 226 

Elastic limit of rivet steel, 32 

chart for, 34 
Empirical formulas, 

determination of constants in, 124, 125, 

173, 174 
for non-periodic curves, 120 

for periodic curves, 170 

involving 2 constants, 128 

involving 3 constants, 140 

involving 4 or more constants, 152 

Ek^uations, solutions of (see Solutions of 

algebraic equations) 

Experimental data, 120, 170 

Exponential curves, 131, 142, 151, 153, 

156 



Focal length of a lens, 

chart for, 35, 40, 106 

slide rule for, 15 
Fourier's series, 170 
Francis formula for a contracted weir, 1 10 

chart for, 109 
Friction loss in pipes, 94 

chart for, 94 
Fundamental of trigonometric series, 170 

Gauss's interpolation formula, 219 
Graphical differentiation, 244 
Graphical evaluation of coefficients, 200 
Graphical integration, 237 
Graphical interpolation, 209 
Grasshoff's formula, 50 
chart for, 51 

Harmonic analyzers, 203 

Harmonics of trigonometric series, 170 

Hazen-Williams formula, 57 

chart for, 60 
Hexagonal charts, 40 
Horsepower of belting, 52 

chart for, 54 
Hyperbola, 149 
Hyperbolic curves, 128, 135, 137, 140 

Index line, 44 

Indicated horsepower of steam engine, 61 

chart for, 63 
Integraph, 252 
Integration, approximate, 224 

applications of, 227 

by Durand's rule, 226 

by rectangular rule, 225 

by Simpson's rule, 226, 233 

by trapezoidal rule, 225 

by Weddle's rule, 233 

general formula for, 231 

graphical, 237 

mechanical, 246 
Integrators, 250 
Interpolation, 209 

Gauss's formula for, 219 

graphical, 209 

inverse, 219 

Lagrange's formula for, 218 • 

Newton's formula for, 214, 217 « 
Isopleth, 44 

Lagrange's interpolation formula. 218 



INDEX 



••• 
XIU 



Lam6 formula for thick hollow cylinders, 

chart for, 92 
Least Squares, method of, 124, 127 
Logarithmic coordinate paper, 22 
Logarithmic curve, 151 
Logarithmic scale, 2 

Maxima and minima by approximate 

differentiation formulas, 236 
McMath "run-off" formula, 48 

chart for, 49 
Mean effective pressure by approximate 

integration rules, 228 
Mechanical differentiation, 255 
Mechanical integration, 246 
Moment, by integrator, 250 
Moment of inertia, 

by approximate integration rules, 230 

by integrator, 250 
Moment of inertia of cylinder, 99 

chart for, 100 
Multiplication and division, charts for, 
30, 31. 41, 47 

Newton's interpolation formula, 214, 217 
Nomographic or alignment charts {see 

Alignment or nomographic charts) 
Numerical evaluation of coefficients, 179, 

186, 192, 198 
Numerical differentiation, 234 
Numerical integration, 224 
Numerical interpolation, 215 

Parabola, 145 

Parabolic curves, 128, 135, 140 

Periodic phenomena, representation of, 

170 
Planimeter, 

Amsler polar, 248 

compensation, 249 

linear, 249 

principle of, 246 
Polynomial, 159 
Pressure and center of pressure, by 

approximate integration rules, 231 
Prony brake, 69 

chart for, 70 

Rates of change, by approximate differ- 
entiation formulas, 235 



Rectangular co&rdinate paper, 21 
Rectangular rule, 225 
Resistance of riveted steel plate, loi 
chart for, 103 

Scale, 

definition of, i 

equation of, 2 

logarithmic, 2 

representation of, i 
Scale modulus, 2 
Scales, 

network of, 20 

perpendicular, 20 

sliding, 7 

stationary, 5 
Semilogarithmic coordinate paper, 24 
Simpson's rule, 226, 233 
Slide rule, 

circular, 16 

for electrical resistances, 15 

for focal length of lens, 15 

Lilly's spiral, 18 

logarithmic, 9 

log-log, 13 

Sexton's omnimetre, 17 

Thacher's cylindrical, 18 
Solutions of algebraic equations, 

by means of parabola and circle, 26 

by means of rectangular chart, 35 

by means of alignment chart, no 

by method of inverse interpolation, 221 

on the logarithmic slide rule, 1 1 
Specific, speed of turbine and water wheel, 

73 
chart for, 75 

Storm water run-off formula, 107 

chart for, 108 

Straight line, 122, 125 

Tables, construction of, 213 
Temperature difference, 37 

chart for, 39 
Tension in belts, 52 

chart for, 54 
Tension on bolts, 66 

chart for, 67 
Trapezoidal rule, 225 
Trigonometric series, 170 

determmation of constants in, 173^ 
Twisting moment in a cylindrical shaft, 77 

chart foi*, 78 



J^-«f4 



XIV INDEX 

Velocity, by approximate integration rules, Volume of sphere, 50 

229 chart for, 49 
Volume, by approximate integration rules, 

229 Weddle's rule, 233 

Volume of circular cylinder, 48 Work, by approximate integration rules, 

chart for, 4Q 228 






